Analysis Premilinary Exam
January 24, 2009

. Let (X, M, n) and, for every n > 1, let f,, : X — R be measurable functions. Prove
that limsup,,_, ., fn is measurable.

. Let f be an integrable function on R with Lebesgue measure m. Prove that for

every € > 0 there exists a § > 0 such that / |f] dm < € whenever m(E) < 0.
E

. Let h,(z) = nsin (%) ,0<zx<m n>1 Find

lim hn(x) dx.

n—oo 0

sin
Hint: Use properties of the function Y
Y

. Let X =Y = [0, 1], with Lebesgue measure m on X and the counting measure v
on Y. In the product space (X x Y, m®wv) we consider the set V' = {(z,y) : x = y}.

(a) Show that the iterated integrals of yy have different values.
(b) Does the result in (a) contradict Tonelli’s Theorem? (Justify.)

. Let p € (1,00) and f € L?[0,1]. Show that

1—p Y
lim yp/ f(z)dx = 0.
0
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. Let u be a signed measure on [0, 00) given by pu(A) = Z ———, where the sums

are taken in the natural order on N.

(a) Show that p can be decomposed as ;1 = v — 7, where v and 7 are positive
measures.
(b) Explain why the decomposition in (a) does not work for the function

YA =) (_i)n
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