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ABSTRACT

Li, Qun, M.S., Physics, College of Science and Mathematics, North Dakota State
University, December 2006. Theory of the Lattice Boltzmann Method for Multi-Phase
and Multicomponent Fluids. Major Professor: Dr. Alexander Wagner.

Although the lattice Boltzmann method has been employed to simulate the dynamics
of some multicomponent systems, a general lattice Boltzmann algorithm that simulates
the dynamics of an arbitrary multicomponent system with explicit thermodynamic
consistency is still needed.

In this thesis, I developed a lattice Boltzmann algorithm from a free energy approach
that simulated the dynamics of a system with an arbitrary number of components. The
thermodynamic properties, such as the chemical potential of each component and the
pressure of the overall system, were incorporated in the model. I derived a symmetrical
convection diffusion equation which was of the same form for each component. The
Navier Stokes equation and continuity equation for the overall system as well as a
convection diffusion equation for each component were recovered. The algorithm was
verified through simulations of binary and ternary systems in one-dimension. The
equilibrium concentrations of components of binary and ternary systems simulated
with my algorithm agreed well with the concentrations obtained by minimizing the free
energy.

I also studied Galilean invariance violations in lattice Boltzmann methods. The

sources of the Galilean invariance violation were analyzed from a unified perspective

il



for both pressure and forcing methods. In this thesis, a measure of Galilean invariance
and corrections reducing Galilean invariance violations are presented. I validated my
analysis and compared the results of different corrections with simulations in one- and

two-phase systems.
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CHAPTER 1

INTRODUCTION

The lattice Boltzmann (LB) method is a mesoscopic lattice simulation method which
has been applied fruitfully to many research areas such as turbulence [15, 63|, mesoscale
blood flow [16], interfacial waves [8], magneto-hydrodynamics [12], and multicomponent
systems [51, 65].

Historically, LB was derived from the lattice-gas automata (LGA) [17, 18, 60] in
the 1990s , although the two methods are independent [25, 26, 41, 42]. The LGA
traces particle movements on a lattice, and can recover the Navier-Stokes equations
[18], thus simulating hydrodynamics. LGA is unconditionally stable and are very good
to simulate micro-flow with large intrinsic fluctuations. However, LGA exhibits strong
Galilean invariance (GI) violations, and they are limited to small Reynolds numbers
[35]. To overcome these deficiencies, LB was developed [13, 43].

Instead of tracing the movement of particles, LB traces the evolution of a density
distribution function, which depends on position and velocity. The velocity is
discretized such that, in one time step, the densities move to the neighboring lattice sites
to which their associated velocities point. This movement is called streaming. Between
streaming steps, collisions occur at lattice sites and change the density distribution
function. Qian et al. introduced Bhatnagar, Gross and Krook (BGK)’s [5] single

relaxation time approximation to simplify the description of the collision [41]. The



system evolves by means of one streaming and one collision per time step. The
macroscopic physical quantities mass and momentum are given by the velocity moments
of the density distribution function. Because the standard BGK model describes the
collision of ideal gases, the standard LB algorithm can only simulate ideal gas dynamics.

To simulate non-ideal fluids, the attractive or repulsive interaction among molecules,
which is referred to as the non-ideal interaction, should be included in the LB model.
There are two approaches to incorporate non-ideal interactions. Omne is to mimic
microscopic interaction forces directly, which is often referred to as Shan-Chen’s
approach [20, 44, 45, 46]; the other is to derive the non-ideal interaction from the
total free energy of the system and then incorporate it a posteriori [2, 38, 48, 51|, which
is often referred to as the free energy approach. By using the free energy approach,
the chemical potential of each component is utilized explicitly in the simulation, but in
Shan-Chen’s approach, it is not. Therefore, a free energy approach for multicomponent
simulations is better suited to study the thermodynamics of a multicomponent system.
In this thesis, I study the free energy approach only.

Free energy approaches introduce the non-ideal interaction into LB either through
a pressure term [38, 48, 49] or a forcing term [44, 53, 55, 57]. Both approaches are
equivalent as far as the recovery of the hydrodynamic equations is concerned. They
give very similar simulation results but show a slight difference in the stability of the
algorithms. The forcing approach, however, leads to non-negligible higher order terms
for systems with large density gradients [55]. The analysis of the effect of these higher
order terms is beyond the scope of this thesis.

The LB algorithm has been extended to simulate the thermodynamics and



hydrodynamics of a multicomponent system. The challenge for the LB simulation of a
multicomponent system lies in the fact that momentum conservation is only valid for
the overall system but not for each component separately, and therefore diffusion occurs
between the components. In addition, for a valid simulation scheme, any representation
of the three components should give the same simulation results. That is, the scheme
should be symmetric. For a binary system of components A and B with densities p*
and p®, the simulation usually traces the evolution of the total density p* + p” and the
density difference p* — p? [51]. Although this scheme is successful in the simulation
of a binary system [38, 56], its generalization for the LB simulations of systems with
an arbitrary number of components is asymmetric. For instance, to simulate a ternary
system of components A, B, and C with densities p*, p? and p®, the total density of
the system, p? 4+ pP + p©, should be traced, and the other two densities to be traced
may be chosen as, e.g., p and p? — p“ [29]. This approach is likely to be asymmetric
because the three components are treated differently as is the case of Lamura’s model
[29]. If an LB method is not symmetric, it will lose generality although it may still be
adequate for certain applications. In this thesis, I established a manifestly symmetric
scheme which is generally valid for a simulation of a system of an arbitrary number of
components.

Several papers considering LB simulations of multicomponent systems exist in the
literature. Hudong Chen et al. successfully simulated the amphiphilic fluid with the
Shan-Chen’s approach, by treating the surfactant molecules as dipoles [11]. X. Shan
et al. [45] established a multicomponent LB model that gave the convection diffusion

equation for each component. While Shan-Chen’s approach is manifestly symmetric,



it has the disadvantage that thermodynamic properties of the system are not easily
accessible. Lamura et al. [29] successfully simulated the amphiphilic ternary system
with a free energy approach, but they chose the density parameters in an asymmetric
way. Some researchers have discussed LB simulations of the diffusion process, which is
an intrinsic character of the dynamics of the multicomponent system, but they did not
give any ready recipe for the LB simulation of an arbitrary multicomponent system.
For example, B.Deng et al. [14] presented an LB method to simulate the convection
diffusion equation with a source term for a one-component system, but they have
not discussed the simulation of the convection diffusion process for a multicomponent
system. A. Akthakul et al. [1] developed a multicomponent free energy LB model
by using Enskog Chapman expansion and applied it to the study of the convection
diffusion process of a polymer ternary system. The convection diffusion equation they
derived cannot guarantee that the chemical potential of each component would be
strictly constant at equilibrium.

My LB model to simulate the dynamics of an arbitrary multicomponent system is
a variant of the free energy approach, and the chemical potential of each component is
incorporated explicitly. Therefore, the thermodynamic quantities in equilibrium (that
is, the overall pressure of the system and the chemical potential of each component)
should be constant macroscopically. In this thesis, a symmetric form of the convection
and diffusion equation for each component has been derived which guarantees that the
pressure and chemical potential will be constant in equilibrium. To test the validity
of the model, I simulated phase separation in binary and ternary systems and checked

that the systems reached a constant overall pressure and a constant chemical potential



for each component in equilibrium. The theoretical value of the volume fraction of each
component in equilibrium can be obtained by numerically determining the lowest free
energy of the system (Appendix G). The simulation results showed that the volume
fraction of each component in equilibrium in LB agreed well with the value predicted
by minimizing the free energy. Therefore, my model has been validated, at least in
equilibrium. However, in my LB model each component has the same viscosity and
mobility. Therefore, an extension of the model to concentration dependent viscosity
and mobility is still needed.

I also studied the Galilean invariance (GI) of the LB algorithm. Although every
valid physical model should be Galilean invariant, the LB models, either for ideal gases
or for non-ideal fluids, are not perfectly Galilean invariant. In some applications, the
GI violation errors of LB are negligible, yet in others they cause problems. The source
of GI violation in LB for ideal gas models has been analyzed by Y. Qian et al. [40].
The sources of GI violation in LB for free energy based non-ideal fluid LB models have
been analyzed, and corrections have been suggested by several groups [21, 22, 31, 57].
In this thesis, the sources of GI violation for an ideal gas and a non-ideal fluid are
analyzed from a unified perspective. A formula was presented that can check whether
or not an LB model is Galilean invariant and can identify, to the lowest order, the terms
that cause the GI violation. LB simulations of sound waves and phase separation are
performed in one dimension to validate my analysis and to compare different correction

methods. The content of the second part of this thesis has been published [57].



CHAPTER 2

FUNDAMENTAL HYDRODYNAMIC EQUATIONS AND

THERMODYNAMICS OF PHASE SEPARATION

2.1. Hydrodynamic Equations

Three fundamental equations govern the hydrodynamic processes in a fluid [30, 28].

The continuity equation describes the conservation of mass:
Op+V-J=0, (2.1)

where ¢ is time, J is the mass flux which is defined as J = pu, p is the mass density
of the fluid, and u is the macroscopic velocity of the fluid. The Navier-Stokes equation

describes the conservation of momentum:
O(pua) + Op(puqug) = —0sFup + 0s0ap + pFa, (2.2)

where 0,3 is the stress tensor, Fi, is the component o of an external force on a unit
mass in a unit volume, and the Einstein summation convention is used. For Newtonian

fluids, the stress tensor is given by [39]

d
Oap =1 ((%ua + Oqupg — §5aﬂv : u) + ppdagV - u, (2.3)



where 7 is the shear viscosity, and pp is bulk viscosity; P, is the pressure tensor; and
d is the spacial dimension of the system. The energy equation (commonly called the

heat equation) describes energy conservation [28]:

poe + puaOne = —04 (k0 T) — Pap(Opta) + 005(0Ua), (2.4)

where e is the internal energy per unit mass of the fluid and %k is the thermal
conductivity. For a perfect gas e = CyT, where Cy, is the specific heat at constant
volume and T is the temperature. However, in this thesis, I only studied isothermal
processes during which the system can freely exchange heat energy with an external
environment. The heat transfer process was replaced with a constant temperature
condition in the simulations. Therefore, the simulations satisfy Eq. (2.1) and Eq. (2.2)
but do not satisfy Eq. (2.4).

For a multicomponent system, besides the overall macroscopic fluid flow, diffusion
also contributes to the mass transport process. The next section is devoted to the

discussion of the diffusion process in a multicomponent system.

2.2. Diffusion Processes

In multicomponent systems, there are two mechanisms for mass transport:
convection and diffusion. Convection is the flow of the overall fluid, while diffusion
occurs where the average velocities of components are different. The velocity of the
overall fluid is a macroscopic quantity because it is conserved, but the average velocities

of the components are not. The macroscopic velocity of the fluid u can be expressed



in terms of the density p and velocity u” of each component in the form of

w= 2o (2.5)

>0 P’

With the notation

Au’ =u’ —u, (2.6)

the flux of each component can be divided into a convection part and a diffusion part.
J7 = p7u’ = p7(u+ Au?) = J° + J°° (2.7)

where Jo¢ is the convection part and J°? is the diffusion part. Because mass
conservation still holds for each component, the continuity equation for each component
is valid:

Qip” + V- J° = 0. (2.8)

Substituting Eq. (2.7) into Eq. (2.8), the convection diffusion equation for a component
can be obtained.

Op’ +V-J¢=-V.J (2.9)

From Egs. (2.5) and (2.6), I see that

> Jt=n, (2.10)



which is a constraint for all diffusion fluxes of the components. I will elaborate further
on the diffusion flux of each component. Eq. (2.10) indicates that diffusion is a mixing
process that has no contribution to the convection of the fluid, so when two components
are mixing with each other, the particles of the two kinds exchange their positions.
Therefore, the diffusion process between two components is related to the difference of
the chemical potential of the two components, which is also called the exchange chemical
potential [23]. Recognizing that the gradient of the exchange chemical potential
determines the diffusion processes, I obtain a first order approximation for the diffusion

flux of one component into all other components as

It == "MV - ), (2.11)
-
where o and ¢’ enumerate the components; ;% and u® are the chemical potentials of
components o and o’; and M? is a symmetric positive definite mobility tensor.
A simple model for the diffusion process assumes that a diffusion flux between
two components is proportional to the overall density and the concentration of each

/
component. Then M?7 can be expressed as

Moa’ _ kao'pp_p_ — kao’p P 7 (212)
p P

where k°7" is the constant diffusion coefficient between components o and ¢’. It depends

on components but is independent of the total densities and concentration of each



component. Substituting Eq. (2.12) into Eq. (2.11),

o aa’papgl o o’
It ==>"k TV(M — 7). (2.13)

Substituting Eq. (2.13) into Eq. (2.9), the general form of a convection diffusion

equation is obtained as
o o _ oo’ pgpo-/ o o’
o’ +V - (p’u) =V ( E k TV(M — i )) : (2.14)

2.3. Basic Phase Separation Theory

Free energy, chemical potential, and pressure are key thermodynamic concepts to
understand the phase behavior of a system. The total free energy of a multicomponent
system is composed of the bulk part and the interfacial part. In its simplest form it is

known as a Landau free energy and can be expressed as

F = /dr (z/z(nl,rf, o)+ Y RV Vn"') : (2.15)

o=1o0'=0c

where 1) is the bulk free energy density, o and ¢’ are the superscripts for components;
and n', n?, ---, n® are the number densities of s different components; x°° is an
interfacial free energy parameter which is responsible for the introduction of the surface
tension. In this expression, the contribution from the higher order terms of the density

gradients is neglected [32].

The chemical potential of each component can be obtained by a functional derivative

10



as

o= 5—f, (2.16)

on°

where p? is the chemical potential of component o; n? is the number density of
component o; and F is the total free energy of the system.

The pressure in a bulk phase in equilibrium is given by

p= Z n’u’ — 1. (2.17)

The pressure tensor is determined by two constraints: F,3 = pdss in the bulk and
AP,5 = n°Vu’ everywhere. A more detailed analysis is shown in Appendix D.
The total free energy of a system is at its minimum in equilibrium. This requires
that the chemical potential for each component is constant, and the pressure tensor
is divergence free. A system may separate into two phases to minimize the total free
energy of the system.
Figure 2.1 illustrates the phase separation mechanism of a one component system.

The total free energy of a one-component system, from Eq. (2.15), is given by

F = /dr (w(n, 0) + g(Vn)2> , (2.18)

where k is a coefficient related to the surface tension of the interface of the two phases

after phase phase separation. The chemical potential of a one-component system, using

Eq. (2.16), is given by

= g—:ﬁ — kV?n. (2.19)

11



noonon "

G A -/
LI B

Figure 2.1. The phase separation of a system is determined by the
shape of its bulk free energy density function. An initial homogeneous
system of density n and bulk free energy density 14 separates into two
phases of density n and n? with the average bulk free energy density
1p to minimize the total free energy of the system. The pressure of the
system in equilibrium is p.

The bulk pressure tensor of a one-component system in equilibrium, using Eq. (2.17),
is given by

p=nu—1. (2.20)

Eq. (2.19) indicates that in equilibrium, for a bulk phase, the chemical potential is the
slope of the tangent line of the free energy density curve. Eq. (2.20) indicates that
in the bulk phase, the negative of the pressure is the interception on the free energy
density axis by the tangent line of the free energy density curve as shown in Figure 2.1.
Slight deviations occurs where curved interfaces are present [59].

If the free energy density function of a system takes the shape shown in Figure 2.1,

12



a system of average density n will separate into two phases of density n; and n, in
equilibrium. Assume that the system has a volume V' and the number density n in a
homogeneous state. Then it separates into two states, one of volume V; with number
density ny; and the other of volume V5, with density ns. Because the system has a

constant volume and constant total number of particles, I have the constraints:

VitVe =V, (2.21)

mVi+neVy = nV. (2.22)

From Eq. (2.21) and Eq. (2.22) the volume can be obtained as

v, = My (2.23)
Ng — Ny

o= 270y (2.24)
Mo — N

The total free energy of the system in a homogeneous state is given by

Fhomogeneous = w(nA) V7 (225>

where 14 is the ¢ value at point A in Figure 2.1. Using Eqgs. (2.23) and (2.24), the

13



total free energy of the system in a two-phase state can be obtained as

Fseparated = ¢1V1 + ¢2 ‘/2

S T A e
Ng — Ny nNg — M
_ ¢2(n—n1)+w1(n2—n)v
g — N
ST (2.26)

where 15 is the 1) value at point B in Figure 2.1. Since 95 is on the tangent line,
it represents the minimum average bulk free energy density of a system of an average
number density of n. The linear stability of a homogeneous phase is determined by the
shape of the bulk free energy density function. Figure 2.2 (a) shows that a locally convex
shape of the free energy curve implies stability with respect to small perturbations
because the total free energy of the system would increase if the system phase separated.
A phase at point A in Figure 2.2 (b) is unstable to infinitesimal perturbation because
the total free energy of the system will decrease in the case of phase separation.
Generally, a system will undergo phase separation if the shape of its bulk free energy
density function contains a concave section as shown in Figure 2.3. The system will
phase-separate into phases C and D, and CD is a straight line tangent to the free
energy line ¥ (x) at points C' and D. Points C' and D are called binodal points, at
which the system has minimum total free energy. C” and D’ are points that separate
locally unstable regions and locally stable regions. Between C’ and D', the system
is unstable and will separate into two phases with only infinitesimal perturbation.

Between C' and C’ and between D and D', the system is metastable and will undergo

14



b v A
U, )
Y B
n n
(a) Stable (b) Unstable

Figure 2.2. The local stability of a system is determined by the concave
or convex of the free energy density function. The free energy density of a
homogeneous system is ¥4. The average free energy density of the system
with two separated phase is ). (a) A system is stable to a small perturbation
when its free energy density function is convex locally. (b) A system is unstable
to a small perturbation when its free energy density function is concave locally.

phase separation only with finite perturbations. Points C’ and D’ are called spinodal
points. Mathematically, they are determined by the condition that 1" (z¢/) and ¢ (zp/)
are zero.

A typical phase diagram is shown in Figure 2.4. In domain I, the system is
unconditionally unstable and separates into two phases by spinodal decomposition.
In domain II, the system is metastable and phase separates by nucleation. In domain

III, the system is stable, and the homogeneous state has the lowest free energy.

2.4. Phase Separation of a System Described by a Landau Free

Energy

The Landau free energy for a fluid with a liquid-gas transition has a form given

by Eq. (2.18). To study the phase behavior near the critical point, it is convenient to

15



n

Figure 2.3. The binodal and spinodal points are determined by the
shape of the free energy density function of a system. The binodal
points C' and D correspond to two equilibrium phases after phase
separation. The spinodal points C" and D’ separate the stable and
unstable region.

express the free energy density as [7]

¢(T7 n) = W(nv T) + Ny — Po, (2'27)

where W (n,T) is the excess free energy density; puy = 0p0|n—p, is the bulk chemical

potential; and p, is the bulk pressure. I chose the simplest excess free energy function

W (v,7) = pe(v? — Br)%. (2.28)

Here v = (n—n.)/n. is the reduced density; 7 = (T.—T') /T is the reduced temperature;

and T,., p. ,n. are the critical temperature , critical pressure, and critical density,

16



T Il stabledomain in one phase

Tc critical temperature

spinodal line ", \binodal line

I | nucleation 11

| spinodal decomposition to
phase A + phase B

n

Figure 2.4. Inside the binodal lines the system tends to phase separate
into two phases corresponding to the densities given by the two
branches of the binodal line. Inside the spinodal lines the system is
unconditionally unstable and a homogeneous system will phase separate
through spinodal decomposition. In the region between the binodal
and spinodal lines a homogeneous system will phase separate through
nucleation.

respectively. The bulk chemical potential is given by

Ap.
Ho =
Ne

(1= p1), (2.29)

where [ is a constant. The bulk pressure is

Py = pe(l = Br)* (2.30)

17



Therefore,

Y =p.(v+1)*1* — 20 +3—287). (2.31)
When two phases coexist in equilibrium, the chemical potential without the surface
tension terms is given by

oY _ 4p.

5 = (v+1)@* —v+1-07). (2.32)

The equilibrium gas and liquid densities are given by v = ++/07. Introducing = —fr,

the density of liquid and gas are
n; = n.(1++v—0), ng = n.(1 —v—0). (2.33)

To solve the density profile n(x) of the interface of the system at the equilibrium state,
I use two constraints. One is that the free energy of the system must be minimal.
The other is the mass conservation of the system. Using the variation method with

subsidiary constraints[19], I get

F, — iFm + A(n, —

d
_ = 2.34
T Ny, ) =0, (2.34)

dx

where F' = 9(t,7) + 5(0an)?* X is a Lagrange multiplier; and the subscripts signify

derivatives. For example, F}, signifies the derivative of function F' with respect to n,,

18



and n, signifies the derivative of function n with respect to x. Consequently,

d*n

4pc(1/+1)(y2—y—|—1—ﬁ7') — K

; 5 TA=0, (2.35)

where the Lagrange multiplier A is 4p.(1 — $7)/n.. The interfacial profile can be
obtained by solving the differential equation (2.35). The physically correct solution for

a single interface is

n(z) = nJ[l + /Br tanh(;i—%)], (2.36)

Kn?
€=\ /4ﬁm' (2.37)

4

o= g\/Qlfpc(ﬁT)?’/Q Ne. (2.38)

where the interface width is

The surface tension [7] is

The pressure tensor is (Appendix D),
Pag = [po = k7% 1= 5(9,0)%] 80y + £(0am) (D5m). (2.39)

where p, = nd,y — 1. For my one dimension simulations, the pressure tensor reduces
to

p(z) = pe(v + 1230 — 2v + 1 — 267) — knd>n + g(@xn)Q. (2.40)
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The chemical potential with the surface tension term is

_ 0y Ap.

= = v+ 1) —v+1-0871)—kVin. (2.41)

2.5. Phase Separation of a System Described by the Flory-

Huggins Free Energy

The Flory-Huggins model is often employed to calculate the free energy of a polymer
solution. It assumes that each segment of a polymer, or mer, occupies one lattice point.

As shown in Appendix A, the Flory-Huggins free energy is given by

F - / _Zenamo + Z(naeln¢a) _'_Z Z <X00/9m0n0¢0'/)
o=1 o=1

0=1¢g'=5+1

+ Z i(n”' vn? - vn?)| av, (2.42)

o=1lg'=1

where m? is the polymerization of the component o, which is the average number of
mers per polymer; n? is the number density of component o; and ¢ is the volume

fraction of component o. It is defined as

LI I (2.43)

do.(mn?)  p

where p? is the mer density of component o and p is the mer density of the system,

which is a constant in the Flory-Huggins model.
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2.5.1. Phase separation of a binary system

The equilibrium state of a binary system can be obtained by minimizing the free
energy of the system. Derived from Eq. (2.42), the Flory-Huggins free energy density

of a binary polymer system without the interfacial free energy contribution is given by
p* p”
=0 <—pA —pP+ =g’ + = In¢” + XpA¢B> . (2.44)
m m

In many applications, a solution contains only one polymer component. So it is

4 = m, where m is the polymerization of component A and

reasonable to choose m
mB = 1. In the Flory-Huggins model, the lattice density is constant; therefore p =
p? + pP is a constant.! For the calculation of binodal points, I can assume pd = 1 and
neglect an arbitrary constant without affecting the final results. With the constraint

¢4 + ¢P = 1, Eq. (2.44) has only one independent variable ¢ = ¢*. Then Eq. (2.44)

can be simplified to

¥=—glng+(1—g)In(1 - 6) + xé(1 - 6). (2.45)

From Eq. (2.45), the whole phase diagram of a binary system can be established. First,
let us determine the critical point. Because the critical point is on the spinodal line, it

satisfies the spinodal line equation d>F/d¢? = 0. Because the two spinodal lines meet

IThis is not an explicit constraint in a LB simulation. However, in a LB simulation, when an
equilibrium state has been reached, the total density is very close to a constant.
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at the critical point, d®*F/d¢® = 0.

11 1
F// — - - _2 _
11 1
F/l/ — - - 0
mét (1

(2.46)

(2.47)

Solving Eq. (2.46) and Eq. (2.47), the coordinates of the critical point is obtained as

1
¢ = Tmrl

m+2y/m+1

X =
m

Eq. (2.46) can be rearranged as

2mx¢® + (1 —m — 2mx)p +m = 0.

Eq. (2.49) yields the spinodal lines with the equation

—(1—=m —2mx) £ /A,

dmyx

Y

P12 =

where Ay, = (1 —m — 2myx)? — 8m?x.

(2.48)

(2.49)

(2.50)

The theoretical binodal lines, which correspond to the two equilibrium states of the

system, can be obtained numerically by minimizing the total free energy of the system,

and the numerical method is presented in Appendix F. The spinodal and binodal lines

are shown in Figure 2.5 for different polymerizations.
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0.6-

Figure 2.5. The theoretical binodal and spinodal lines for a monomer
binary system (m“ = 1,m? = 1) and a polymer system (m“ = 10,
m® = 1) are presented.

2.5.2. Phase separation of a ternary system

The total free energy of a ternary system can be obtained from Eq. (2.42) a

F - /[6.(_mAnA —mBnB — mCnC
+n2In ¢t + nPIn ¢ + n%In ¢
ABRAmAGE 1 \ACRARAGE |\ BOpByBsC)
FRAAVRA)? - kBB (VnP)? 4 kCC (VnC)?

+APVnAVNE + kACVRAVRC 4 KPOVREVnCav,

(2.51)

where m? is the polymerization of component o. Of course, m? is one for a monomer.
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A ternary system has three components, but a Flory-Huggins model of a ternary
system has only two independent variables because the density factors out of the free
energy. Therefore, ¢4 and ¢p can be chosen as two independent variables, and ¢o can
be obtained by ¢ =1 — ¢4 — ¢p.

Another constraint for a phase separation in a ternary system is that the initial
homogeneous phase and the two separated phases are always in a straight line in a
»4-¢P diagram. The simple analysis below will make this clear.

Suppose the two volume fractions are chosen as phase parameters. The initial phase
is (¢?, »P), and the total volume of the system is V. The system evolves into two phases:
(¢!, ¢P) in volume Vi, and (¢4, ¢¥) in volume V5. From the constraint that the total

mass of each component is conserved, so I get

Vot = Vigi + Vi, (2.52)

Vol = Vigl + Vady. (2.53)

From the constraint that the volume of the system is constant V' =V} + V4, it follows

that

o8 —of _ oF —of
ol of— ot

(2.54)

Eq. (2.54) shows that the three points are in a straight line in a ¢4-¢® graph. Therefore,
in a ternary system, a phase separates into two phases along a straight line, which is

called the tie line.?

°In a general case there is the possibility of a three phase region which is ignored here.
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The theoretical thermodynamics of an equilibrium ternary system were obtained by
minimizing the total free energy of the system numerically as discussed. In this thesis,
the binodal lines of a ternary system is obtained by varying the initial volume fraction
of the components while holding the x parameters constant. The simulation of phase
separation of a ternary system with constant y parameters sheds light to the study of
an immersion precipitation process [27] in which the y parameters are constant. In
contrast, the binodal lines of a binary system are obtained by varying y while keeping
the initial volume fraction of the components constant.

Starting from the critical point, the volume fractions of two components of the initial
state (¢”,¢P) was increased linearly towards the final point (¢* = 0.5, ¢® = 0.5). For
each initial state, two corresponding binodal points are obtained along a straight line.
The tie lines of different initial states usually are not parallel to each other. Therefore,
to calculate the binodal lines of a ternary system, I first calculate the two phases that
minimize the total free energy of the system along a straight line; then, I rotate the
straight line back and forth. Iterating this procedure allowed me to find the exact
direction of the tie line along which the total free energy of the system is minimal.
I have checked that the chemical potentials of the two phases of each component are
equal to a precision of at least of 107, That means that the binodal points obtained
with this approach represent equilibrium states. The collection of all the binodal points
generated the binodal line. The implementation of this algorithm is shown Appendix
G.

The phase diagram of a ternary system can be presented in Cartesian coordinates,

but a triangular representation is preferred in the literature [4, 6, 9]. Actually, the

25



Figure 2.6. The binodal lines for polymerization m = 1, 5 and 10 of a ternary
system are illustrated in a Cartesian and a triangular coordinate. The shaded
area is inaccessible because of the constraint ¢4 + ¢® < 1. The system has
Y4B =3, x4 = 0.5, xP¢ = 0.2. Point R corresponds to (0.30, 0.37, 0.33). The
dotted line from point R shows the approach to determine ¢ of the point.

representations are equivalent, and a linear transformation exists between the two
systems. The phase diagram of a ternary system is represented in both coordinates

in Figure 2.6. The next chapter introduces the lattice Boltzmann method.
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CHAPTER 3

LATTICE BOLTZMANN METHOD

3.1. Single Relaxation Time Lattice Boltzmann

The Lattice Boltzmann Equation (LBE) can be understood as a discrete Boltzmann
Equation [36]. The LBE with a single relaxation time from the BGK model can be

expressed as [41, 57]
Bl vidtt 4 A0 = i) = At (2070 - A0+ GO +F) . (D

where r is the lattice position vector; v; is particle velocity; ¢ is time; 7 is the single
relaxation time parameter, but the inverse relation time € = 1/7 is often used instead
of 7 as simulation parameter; G; introduces non ideal effects into the hydrodynamic
pressure tensor [38]; F; is a forcing term that can be used to introduce non-ideal effects
into the bulk force [20, 34, 44, 64]; f;(r,t) denotes the particle distribution associated
with the discrete velocity v;; and f{ indicates the local equilibrium distribution
corresponding to an ideal gas. The discrete velocity v; is chosen such that the v;At is
a lattice vector.

In this thesis, I limit my study to isothermal systems in which mass and momentum
are conserved in the collision, and energy conservation is abandoned in favor of a

constant temperature requirement. I define the density p as p(z) = ), fi(x) and the
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velocity u as p(z)u(z) =), fi(z)v;. From mass and momentum conservation the first

two moments of the local equilibrium distribution function of an ideal gas are

D L)=0 = Y fi=dfi=0 (3.2)

i

D= fvi=0 = Y fivi=D fvi=pu (3.3)

i

Analogous to the continuous case, the other two moments of the equilibrium distribution
function of an ideal gas can be defined as [41]
. 1
Zfi ViaVig = §P5aﬁ + puqug, (3.4)

1
> ffviavigui, = 3P(Uadpy + Ugday + Uy0ap) + patigty + Qagy,  (3.5)

)

where ()np, is a tensor term that is zero in the equivalent continuous integral. Because

vz = v, I have

1)

D Jivie =D fivie = pu. (3.6)

Therefore, Qnp, is usually chosen to be —puyusu, to make Eq. (3.5) satisfy Eq. (3.6).

But this choice of Q.g, causes a small Galilean Invariance violation for moderate |u.
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This will be discussed in Chapter 4. The moments of G; are given by

> G = 0, (3.8)
Z Giviavw = Aaﬁ, (39)

ZGivmvwvw = O, (310)

where A,z is a tensor describing the non-ideal part of the pressure tensor of the liquid.

The velocity moments of the Fj are given by

YR =0, (3.11)
Z Fv, = pag, (3.12)
Z Fuiawvig = plagug + agu,), (3.13)

1
> Fviavigviy, = 3P(aady + agdas + a10as), (3.14)

where a, is the acceleration.

Non-ideal fluid flow can be simulated by using a free energy from which the chemical
potential can be derived. There are two ways to include the interaction into the LB
evolution equation: the pressure approach (F; = 0) and the forcing approach (G; = 0).
The two approaches are subtly different because of higher order effects. This is beyond
the scope of this thesis. Interested readers can refer to a current paper by A.J. Wagner

[55.
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To recover the hydrodynamic equations, I use a moment method. First I perform a

Taylor expansion to the left side of Eq. (3.1),

Z (Ak:t')k (at + Umaa)kfz’ = At (%(fze — fi+ Gz> + E) . (315)
k=1 ’

In the long wavelength and small frequency limit, d, and 0; result in small quantities
of the order of ¢ which indicates the order of smallness. Neglecting all the terms of

O(€?), T get
At(&t —+ vmﬁa)fi —+ O(Ez) = At (%(fle — fl -+ Gz) + Fz) . (316)

With Eq. (3.16), f; can be expressed in terms of the f¢, F; and G;, for which all

moments are known. Neglecting all the terms of O(€®) in Eq. (3.15),

(At)*
2

At(0p + ia0a) fi +

T

(0, + viaBa)2fi + O(e%) = At (1 (fe — i+ Gy) + F) . (3.17)

Higher order terms are not considered here because the hydrodynamic equations only
contain second order derivatives.

Egs. (3.2)-(3.5) establish the relations between the macroscopic variables, p and u,
and the moments of the equilibrium distributions. In order to use those relations, f; is

expanded in terms of ff . Using Eq. (3.16) recursively,

fi= [+ Git+ 7F = 7(0 + 0ia0a) (ff + Gi + TF) + O(€°). (3.18)
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Substituting Eq. (3.18) into the left side of Eq. (3.17),

(0 + Via0a) (ff + Gi + TF;) — w(0; + via0a)*(ff + Gi + TF,) + O(e%)

= (Gt TE - ), (3.19)

where w =7 — At/2 .

To obtain the mass conservation equation, I sum Eq. (3.19) over i and obtain,
Op + Ou(puy) + 704 (pay) wz (O + 0002 (ff + Gi + TF) + O(€®) = 0. (3.20)

Eq. (3.20) shows that 9;p + 0u(pua) + T0x(pas) is of the order of O(€?), so Eq. (3.20)

can be simplified to

Oep + Oalpua) + T0a(pas) — wds [@s(p%) +70h(pag) + 0o Y flviavig

+00Aap + 00 Y Fiviquig| + O(€%) = 0. (3.21)

Multiplying Eq. (3.19) with v;3 and summing over ¢, I get
Z V(0 + 00 00) (ff + Gi +TF;) Z Vigw (0 + i 00) 2 (ff + Gi + TEF;) = pag. (3.22)
Eq. (3.22) shows that

Zm (8; + Via0a) (¢ + Gs + TF;) = pag + O(e?). (3.23)
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Substituting Eq. (3.23) into Eq. (3.21),
At 3
Orp + O | p(te + 7%) + O(€e’) = 0. (3.24)

Therefore, by denoting the macroscopic velocity U, = u, + a,At/2, the continuity

equation (2.1) can be recovered to the second order:
Op + 0a(pUs) = 0+ O(€°). (3.25)

To obtain the momentum conservation equation, I substitute Eq. (3.23) into Eq. (3.22).

1

Z Uw(@t + vmaa)(ff + Gz + TE) — Z wviﬁvmaﬁy(@t + vmﬁa)(ff -+ Gz —+ TFZ)

—wdipag + O(€®) = pag. (3.26)

Eq. (3.26) shows that a is of the oder O(e). Eq. (3.12) shows that F; is of the same
order as a, i.e. O(e). The second term in Eq. (3.26) is simplified, step by step, as

follows:

Z wviﬁv’i'Ya"/<at + Uiozﬁa)(fie + Gz + TE)

= Z wvigvm&,(at + vmaa)(ff + GZ) + 0(63)

= wﬁfy (& Z fierUi'y + 0#157 + 8a Z fieUmUiﬁ’Um> + 0(63). (327)
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Using Eq. (3.23),
Or(pug) = —04 (géag + Aus+ puaug) + pag + 0(62). (3.28)

Substituting Eq. (3.25) into Eq. (3.28),

o)
pOiug = —puaOatip — %0 — OnAap + pag + O(€%). (3.29)

Using Egs. (3.25), (3.28) and (3.29),

Oy Z fivigUiy + Oa Z [iViaVigUiy
= 0 (gégy + pu5u7>
+0, [g(uoﬁm + Uglay + Uy0ap + PUaUgly + Qupy + O(€)
= 050 (~DulpU)) + s hpus) + pusdia,
+é(5578a(pua) + %aw(puﬁg) + %Gg(puw) + O (piatipuy) + 0aQapy + O(€?)
= U, (—%aﬂp — 0nAap — Oulpuqug) + pa5> + ug (—uauau7 — OnAup — %87/) - paﬂ,)

1 1
+—87(pug) +3

3 Baﬂ(pu’y) + aa(Puauﬂuv) + 0aQapy + 0(52)

1 1
= gpa'yuﬁ + gpaﬁu“/ + puyas + pusay

—y00Aas — UsOaAny + 0aQupy + O(e?). (3.30)
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From Egs. (3.25), (3.26), and (3.30), I obtained with some algebra,

1 w
at(pUa) + 8g(pUaUg) = —(95 (§p6aﬂ + Aaﬁ) + a@ [gp(aﬁUa + aozUﬁ) + Pla

+ w0, (—u,05Aas — wadsAsy + OiAay + 05Qapy) + O(E)). (3.31)

Eq. (3.31) is a Navier Stokes equation except the terms of the last line that cause
Galilean invariance violations (Section 4.1.).

In other literature, a second approach exists to derive the hydrodynamic equations
of the lattice Boltzmann method (LBM). It is a multi-scale expansion, referred to as
the “Chapman Enskog” approach. The two approaches give the same results as far as
the recovery of the hydrodynamic equations are concerned [41, 62].

Identical forms of Eq. (3.31) can be implemented with different choices of A or a. If
both A and a are zero, Eq. (3.31) becomes the Navier Stokes equation for an ideal gas.
But even in the ideal gas LB model, the wd,03Q 3, exists and causes the GI violation.
The non-ideal model for LB simulation can be obtained by choosing either A or a to be
zero. The choice of a = 0 and A # 0 is referred to as the pressure approach; the choice
of a # 0 and A = 0 is referred to as the force approach. Swift et al. [48] invented a
model to simulate a non-ideal fluid in pressure approach by choosing A, = P,s — % p-
This model is deficient and cause a severe Galilean invariance violation. The errors
come from the terms in the second line in Eq. (3.31). This problem was addressed by

Holdych et al. [21], Inamuro et al. [22], and Kalarakis et al. [24] independently. They
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solved the problem by redefining
1
Anp = Pop — gpéa@ — V(Oapug + 0pptia + Uy0ypdags). (3.32)

Eq. (3.32) leaves the density gradient terms in the second line of Eq. (3.31) to the second
order, which are assumed to be very small because the derivatives of the pressure tensor
are much smaller than the derivatives of density at the interface near equilibrium|[24].
Therefore, Holdych’s model gives a more accurate result and diminished the GI violation
significantly. To simulate a one component phase separating system with a forcing
approach, pa, = 93(Pag — 3p0as) can be chosen. To eliminate the Q term error in
ideal gas model or in non-ideal models of pressure or forcing approach, a forcing term is
introduced as pa, = w00, Qqap,. A Holdych model with a Q correction is referred to as
HoldychQ), similarly is the ForcingQ. Table 3.1. summarizes the simulation approaches

explored in this thesis.

Table 3.1. The algorithms for the LB simulation of a non-ideal fluid

Approach A pag
Pressure P,s — %pdaﬂ 0
P.s—1pd
Holdych of  3/Tab 0
ordye —V(@a/iu,g + 03pua + 1y 0y pd03)
P,z — zpd
Holdych of 31T ab 050,Q.
oldychQ —V(Japus + Ippa + uy0ypdagp) w050y Qapy
Forcing 0 93(Pas — 500a3)
ForcingQ 0 93(Pap — pdas) + w930, Qupy
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3.1.1. One-dimensional three-velocity lattice Boltzmann model

Many lattice Boltzmann models are available such as the one-dimensional three-
velocity model (D1Q3), the two-dimensional seven-velocity model (D2Q7), the two
dimensional nine velocity model (D2Q9), the three dimensional and fifteen velocity
model (D3Q15), and the three dimensional and twenty seven velocity model (D3Q27).
Although the D1Q3 model is the simplest, it is, in fact, a projection of all the other
models mentioned above. Therefore any a problem in the D1Q3 model exists also in the
higher dimensional models. In this thesis, D1Q3 models were used for all simulations
and are introduced next.

The D1Q3 model has three velocities: vg = 0, v; = 1, v = —1. In one dimension,

Egs. (3.2) and (3.3) become

p = fot+ it /e (3.33)

pu = f1— fa (3.34)

and the local equilibrium distribution satisfies

p = Jo+ i+ [ (3.35)
pu = fi (3.36)
pu2+§ = f4fe (3.37)

I first derive the equilibrium distribution for the ideal gas. With Egs. (3.35), (3.36),
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and (3.37),

2 2
gp_puv

1
5 (p/3+ put pu),
1

5(p/3 = pu+ pu’)

For a non-ideal gas with a pressure approach, Egs. (3.7), (3.8), and (3.9) give

which yields

For a non-ideal gas with a forcing approach, Eqgs. (3.11), (3.12), and (3.13) give

G0+G1+G2 = 0,

G —Gy = 0,

Gi+Gy, = A,

GO - 07
G, = A2,

Fo+F+F, = 0,

Fi+F =

Fl —F2 = pa,

2pau.

37

(3.38)
(3.39)

(3.40)

(3.41)
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(3.43)

(3.44)
(3.45)

(3.46)

(3.47)
(3.48)

(3.49)



This can be solved for the F; to give

Fy = —2pau, (3.50)
Fi = (u+0.5)pa, (3.51)
F, = (u—0.5)pa, (3.52)

where pa is the interaction force derived from the non-ideal gas interaction. The

evolution equations for a D1Q3 model is then:

fO(iat + 1) = fO(i7t> + (fg(ivt) - f0<i7t) =+ GO(ivt)) + FU(iat% (353)

f[li+1,t+1) = fi(i,t) + =(f7(i,t) — f1(ist) + G1(i, 1)) + Fi(i,t),  (3.54)

O i B i B

fQ(i_lvt_l_l) = f2(iat)+ (fQB(i7t)_fZ(i7t)+G2(i7t))+F2(i’t)> (355)

where 7 is the lattice coordinate, and ¢ is the time step.

3.1.2. Lattice Boltzmann for a liquid-gas system

To validate my theoretical analysis of LB simulations of non-ideal fluids, I performed
LB simulations of a simple one component non-ideal system described by the Landau
free energy model of Eq. (2.27) with Holdych’s approach and a forcing approach. The
equilibrium thermodynamic properties (density, pressure, and chemical potential) of
the system obtained by the LB simulation through the two approaches are compared
to the theoretical results derived in Section 2.4. The theoretical density profile is given

by Eq. (2.36). The pressure is given by Eq. (2.40), and the chemical potential is given
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by Eq. (2.41).

My LB simulations were performed with the D1Q3 models of Table 3.1. Each
simulation was performed on a lattice with 100 lattice points, unless noted otherwise.
Initially the system had a uniform density of 1, plus a sinusoidal perturbation to trigger
phase separation. The amplitude of the perturbation was 0.1 and its wavelength was
the lattice size.

To obtain the binodal lines of a liquid-gas system, the LB simulations were
performed starting with these initial conditions with increasing value of 6 starting from
the critical point. A pair of binodal points were obtained by the LB simulation from
each initial condition. I continued to increase € for each simulation until I observed
numerical instabilities. The binodal points were than given by the maximum and
minimum densities in equilibrium. The system evolved into a stable state after about
1000 time steps. The measurements were taken after 10000 time steps to be sure that
the system was in equilibrium.

Figure 3.1 shows the comparison of the binodal points obtained by the “Holdych”
and “ForcingQ” approaches to the theoretical binodal lines. The simulation results
approach the theoretical result, but the deviations increases as  increases. The Holdych
approach is more accurate, but the Forcing() approach has a larger stability range.
However, a stability analysis is outside the scope of this thesis; for more details on the
stability of the LB methods, an interested reader may refer to [2, 3, 37, 50, 52, 47, 54, 61].

Figure 3.2 shows the comparison of the total density, pressure, and and chemical
potentials obtained by HoldychQ approach to the theoretical values. The equilibrium

density profile almost overlapped with the theoretical profile. The equilibrium pressure
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Figure 3.1. The binodal points of a liquid-gas system obtained by the
LB simulation with the “ForcingQ” and “Holdych” approaches are
compared to the analytical solution. The system has k = 0.1, n. = 1,
pe = 0.42, and v = 1/6. For the LB simulation, w = 1.0.

obtained by the simulation was slightly lower than the theoretical values, but the
difference was less than 0.1% when compared to the theoretical value. The equilibrium
chemical potential obtained by the LB simulation in the two bulk phases differ only
within 0.01%. There are two spikes on the chemical potential at the interface of the two
phases, but the spikes are less than 0.1% compared to the bulk chemical potentials.
The chemical potential obtained by the LBM are slightly lower than the theoretical
value, but the difference was less than 0.1% compared to the theoretical value.

Figure (3.3) shows the comparison of the total density, pressure, and and chemical

potentials obtained by ForcingQ approach to the theoretical values. The density profile
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Figure 3.2. The density, pressure, and the chemical potential of an equilibrium
liquid-gas system obtained by the HoldychQ approach LB simulation are
compared to the analytical solutions. The system has x = 0.1, n. = 1,
pe = 0.125, f7 = 0.03. For the LB simulation, w = 1.0.

in equilibrium by the ForcingQ) approach agrees well with the theoretical value, but the
errors are slight larger than that by the HoldychQ approach. The pressures of the
two bulk phases by the LB were almost equal, but spikes occurred at the interface.
The amplitude of the spikes was less than 0.5% of the average bulk pressure. The
difference of average pressure by ForcingQ and the analytical solution was less than
0.1%. The analysis and corrections of the errors were given by Wagner [55]. The
chemical potentials obtained with the Forcing(Q) approach were almost equal in the
bulk phases, but small spikes occurred at the interfaces. The amplitude of the chemical
potential spikes was less than 0.3% of the average bulk chemical potential. The
difference of the average chemical potential by the ForcingQ and the theoretical value
is less than 0.1%.

In summary, the phase separation in a liquid-gas system were successfully simulated
with Holdych and Forcing approaches. In equilibrium, the density profile, the pressure,
and the chemical potential were very close to the theoretical values. The interface

density profile obtained by the Holdych approach, however, is closer to the theoretical
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Figure 3.3. The density, pressure, and the chemical potential of an equilibrium
liquid-gas system obtained by the ForcingQ approach LB simulation are
compared to the analytical solutions. The system has x = 0.1, n. = 1,
pe = 0.125, p7 = 0.03. For the LB simulation, w = 1.0.

potential than that obtained by the Forcing approach. In the next section, I extend

the LBM to multicomponent systems.

3.2. Lattice Boltzmann for Multicomponent Systems

A multicomponent system may contain arbitrary number of components. In a
multicomponent system, the continuity equation and the Navier Stokes equation are
valid for the overall fluid. For each component, the continuity equation is still valid
because mass conservation is still valid for each component. However, there is only
one Navier Stokes equation for the total momentum because the momentum of each
component is not conserved. Expressing the continuity equation in terms of the mean
velocity I obtain a convection diffusion equation for each component as shown in Section
2.2.

With reference to my LB theory for a one component system, I established the
a symmetric LB theory of a multicomponent system that can recover the continuity

equation and the NSE for the overall fluid and can recover the convection diffusion
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equation for each component. I started my derivation of the hydrodynamic equations
for a multicomponent system from the LB equation of one component. In analogy to

Eq. (3.1), the LBE for a component ¢ of a multicomponent system is given by
1
f (e +vidt, t + At) — f7(r,t) = At (—(ffe(r, t) =[x, 1)+ G7) + F{’) ,  (3.56)
T

where f7(r,t) is the particle distribution function with velocity v; for component o;
fo¢(x,t) is its equilibrium distribution; G¢ reflects the non-ideal effect due to pressure
tensor on component o; and FY is the forcing term of component o due to the
mean potential field generated by the interaction of the component ¢ with the other
components.

The density of each component and the total density are given by

o= DI (3.57)
po= > ¢ (3.58)

The average velocity of one component ¢ and the overall fluid can be defined as

Pul = > [ i, (3.59)
> poul, (3.60)

Pl

where u? is the average velocity of the component o, and u,, is the average velocity of

the overall fluid.

43



The moments of equilibrium distributions for one component are

Zfiae = pa,

1
ge g
E [T = pUaq,

7
o

oe P o
Zf ViaVig = ?6045 +p U U g,

g

Z 7 Viavigviy = %(Ua(saﬂ + Ugbay + Uy0ap) + P UausUy + Qgﬁw (3.61)

(o} (ol 3
where ()g 5, can be chosen to be —p”u,ugu., for the same reason as in the one-component
system as shown in Section 3.1.

The moments for the forcing terms of one component are

Y FT =0 (3.62)

> Flva = p7a, (3.63)
Z Fivigvig = p7(ajuf + aguy), (3.64)
[ea 1 g g g g
Z F7viauigiy, = gp (ad 08y + aG0ap + avéa,g). (3.65)

The moments for the pressure tensor terms of one-component are

Y G o=,
Y Givia = 0,
Zvaz‘avw = Als

Zvaiaviﬁvi’y = 0. (366)
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To utilize my analysis of the one component system I can establish a LB equation

for the total density by defining

Similar to the counterparts of the one-component

o= £
EAzﬁ = Aug,

Z paag = Pla-

overall equilibrium distribution function are given by

0
Z fievia
Z f ieUiaUzﬂ

1
e
E fl Via Vi Uiy
i

P,

Pl

1
gp&m + puqug,

1
gp(ua557 + uﬁéa'y + U'yéaﬁ) + PUqUBU~ + Qaﬁ'y-

(3.67)

system, the moments for the

(3.68)

This is identical to the one-component cases of Egs. (3.2)-(3.5). The moments for the
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overall force terms are then given by

ZE = 0,
> Fivia = paa,

Using Eq. (3.64), I obtain

Y Fvavg = Y (aZuf+ aguy)
i o

= p7(ad(up + Auj + ag(ua + Aug))

= plagus + aguy) + Z(agAug + ajAug), (3.69)

where the second term of Eq. (3.69) is of a higher order smallness than the first terms,

and therefore does not enter the hydrodynamic equations to second order.
1
Z Fi0iq0;g0iy = gp(aadg,y + aglap + a40ap)- (3.70)

The moments for the overall pressure terms are then given by

Z Gz — O,
Z Givia = 07
Z Giviavzﬂ = Aocﬁ:

ZGiviaviﬂvi'y = 0. (371)
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By summing Eq. (3.56) over o, an effective LB equation for the total density is
1
filr + viAt t + At) — fi(r,t) = At (—(ff(r,t) — filr,t) + Gi) + E) , (3.72)
T

which is identical to Eq. (3.1). Therefore, the continuity equation and the Navier
Stokes equation of the overall fluid of a multicomponent system are identical to those

of a one-component system. They are
Oip + 0a(pUs) = 04 O(€?), (3.73)

where U, = u, + a,At/2 is the macroscopic velocity of the fluid. The Navier Stokes
equation for the overall fluid is:

1

OupUs) + 0u(pUa0) = ~0u 3

POas + Aag) + aa(%p(ﬁaUg + 05U,)) + pag

+ w0y (—s O Agp — UsOaAay + O Agy + 00Qagy).  (3.74)

s To recover the convection diffusion equation of each component, I did a Taylor

expansion to the left of Eq. (3.56), and referring to Eq. (3.15),

- (At)k . 1 .. . . i
; k! (815 + Uiaaa)kfi = A¢ <;(fz — fz + Gz ) -+ E > . (375)

To O(e) , referring to Eq. (3.16), it followed that

A0, + via0a) f7 + O(?) = At (%(f;’e — P+ G+ Ff) . (3.76)
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To the order of O(€?), referring to Eq. (3.17),

(At}z

A0y + via0a) 7 + (0 + via0a)* 7 + O(€?)

— ae(tur-geen ). (3.77)

Because of the recursive nature of Eq. (3.76), f7 can be expressed by f7¢ and derivatives

of f7¢; referring to Eq. (3.18),
fO =0+ GE+7F = 7(0 + 0ia0a) (7 + G + TF) + O(). (3.78)
Substituting Eq. (3.78) into the left side of Eq. (3.77). I obtained, as in Eq. (3.19),

(01 + 0ia0a) (f7° + G+ TF7) = w(0, + via0a) (7 + Goi + TF7) + O(€%).

1
= LU Gr T - 7). (3.79)
By summing over i, Eq. (3.79) gave,
A7 + 0 (p U0 )+ T0n(p wz (8, 4 01000 (f7C+ G +TF7) +0(e%) = 0, (3.80)

which is equivalent to Eq. (3.20). However the moments of ff and f7¢ are not identical
here, so the continuity equation cannot be obtained. Eq. (3.80) shows that J;p” +

Oa(pus) + 704 (p7al) is of order O(e?), and F? is of order O(e) as discussed in Section
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3.1. Therefore 0;p” + 04(p 1) is of order O(€?), and the result is

So Eq. (3.80)

wz (Or + 030002 (f7€ + G + TFY)

wz (Os + via0a)2(f7€ + GT)

wz (8 + 03000) (O f7C + Via [T + 0aGvia)

wd, (8, Z £+ Z F i+ Oa Z GIvia)

+wds atz foCvip + D Z FCviavip + O ZG ViaVig)

O'

w00 u5) + Ou( + 7 uats) + 0uAas) + O(E).

can be simplified to

Oip” + 0a(p”ta) + TOup’ ag,

0'

—wag[at(p Uﬁ) + 04 ( +p UQUQ) + 0, Aaﬁ] + O( ) 0.

Using Egs. (3.74) and (3.73) I obtained with some algebra,

1
0Us = ~UaaUs = - 0a (gaaﬂ n Aaﬁ) +as+O(E).

From Eq. (3.80) if follows that

Oip” = —0a(p°Uy) + O(2).
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With Eq. (3.82) and (3.83) it can be derived that
0,(p7u3) = —a(p7UnUs) — %aa (gaag + Aag) + o ag + O(). (3.84)
Substituting Eq. (3.84) into Eq. (3.81) results in,

O + 0a(p°Uy)
P’y (P P’
= —— — A AC —

+70, (p—paa - p"ag) . (3.85)
p

I used the force approach for my simulation because the force p”Vu7 is easily
obtained. For a pressure approach we would need to identify a non-ideal pressure P?
of component 0. However in general there is no pressure term with VP? = p?Vpue.
From the free energy density I derived the chemical potential with Eq. (A.13). Then I
needed to obtain the non-ideal interaction, from which the forcing terms in the evolution
equation can be derived with Egs. (3.50), (3.51), and (3.52). In the force approach

approach, I set A,3 = 0, and Eq. (3.85) becomes

(e

- oTry_ A | oo o P o (P P’
Oip° + O0u(p°Uy) = On | —Tp%al + 1p° wp(?a (3) +w8a(3)}, (3.86)

where p?a? is the non-ideal aspect of the force on component ¢. In the LB model, p?a?
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can be defined as

o O w g (o 1 g w g (o 1 g
pPag, = ——p70a (1’ — 5 Inp7) = —— | p70ap” — 50ap" | (3.87)
T 3 T 3
where the coefficient is % =1- ﬁ—f due to the discretization of the LB model. This

coefficient approaches 1 as At approaches 0, as one would expect from the continuum
limit. Eq. (3.87) can be employed in my simulation to obtain the non-ideal interaction.

Plugging Eq. (3.87) into Eq. (3.86), with some algebra,

010" + 0a(pUs) = w'% S 07 0u(u” — 1| (3.88)

where ¢’ and o refer to components.
Referring to Eq. (2.13) and Eq. (2.14), I recognized that Eq. (3.88) is the convection

diffusion equation, and the diffusion flux of component o is

o po o' o o’
Jd:—w?Zp 017 — 7). (3.89)

By comparing Eq. (3.89) to Eq. (2.13), it is clear that the w in Eq. (3.89) is equivalent
to k7" in Eq. (2.13). Furthermore, in my current approach, w is the same for all k%'
Eq. (3.89) is thermodynamically consistent in that the diffusion flux of each component
is 0 in equilibrium when the chemical potential of each component is constant. Clearly
the extension of the model to allow different values for w? for each component deserves

future research.
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3.3. Simulations of Multicomponent Systems

To validate my LB algorithm, I simulated phase separation in binary and ternary
systems. The binodal lines obtained by my algorithm was compared with the theoretical
ones obtained by minimizing the free energy. I used the interfacial tension parameter
k = 0 in all my LB simulations of binary and ternary systems, because there is an
intrinsic surface tension in the LB simulation due to higher order terms [55], which did
not appear explicitly in the second order Taylor expansion presented in this thesis. This
choice can both simplify my simulation and avoid the unnecessary simulation instability

caused by a possible improper choice of k.

3.3.1. Simulations of binary systems

To validate my algorithm for binary systems, I performed LB simulations of binary
systems. [ then compared the equilibrium properties of those simulations to my
theoretical predictions. The theoretical binodal lines of a binary system are obtained
in Section 2.5.1. The free energy density is given by Eq. (2.45). The critical point of
a binary system is given by Eqs. (2.48) and (2.48). Starting from the critical point,
moving the initial state by increasing x and keeping the volume fraction constant, I
obtained a pair of binodal points for each initial condition. The collection of all the
binodal points formed the binodal line. The theoretical equilibrium chemical potentials
of the two components of a binary system were calculated by using Egs. (A.9) and
(A.10). Each component had two equal chemical potentials at the two phases to

the precision of at least 107¢. This indicated that my algorithm had determined the
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equilibrium densities. The pressures of the systems in equilibrium were calculated by
substituting the chemical potentials into Eq. (2.17). However, the pressure of the overall
fluid obtained by Eq. (2.17) is zero, which indicated that the Flory-Huggins free energy
model may not be a good choice for the hydrodynamic simulation of a binary system.
Since I was only concerned with one dimensional systems, hydrodynamic effects did
not enter significantly into my simulations.

I performed LB simulations with two binary systems: a monomer system with
m? = 1 and m? = 1, and a polymer system with m” = 10 and m” = 1. For both
systems, the total density was p = 100. The critical volume fractions for the monomer
system are ¢ = 0.5 and ¢® = 0.5 and for the polymer systems are ¢** = 0.24 and ¢® =
0.76. To induce phase separation a small perturbation is to be introduced in the initial
conditions. The amplitude of the perturbation is 0.1 and its wavelength is the lattice
size. The initial volume fraction of component A is given by ¢4(z) = ¢° +Ag¢(z). The
initial volume fraction of component B is given by ¢Z(x) = ¢P° — A¢(x). The initial
volume fraction of component C is obtained naturally from ¢¢(z) = 1 —¢*(x) — ¢Z(z),
so initially ¢ (z) = 1 — ¢4 () — $P°(x) (Appendix K).

The monomer system was simulated with different reverse relaxation times 2 =
0.7,0.8, and 0.9 to verify that my algorithm converges for different relaxation times.
The polymer system was simulated with only one inverse relaxation time of 2 = 0.9.
Starting from the critical point and increasing the y value for each initial condition
until the simulations were numerically unstable, I obtained a pair of binodal points for

each initial condition. The system reached a stable state after about 5000 time steps.

My measurement were taken after 50000 time steps to be sure that an equilibrium state
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Figure 3.4. The binodal points obtained by the LB simulation are
compared to the theoretical solutions. For m4 = 1,m? = 1, the

binodal points by LB with different w converge at the theoretical

values. For m? = 10, m®? = 1, the binodal points by LB with Q = 0.9
match the binodal points by minimizing free energy.

had been reached.

Figure 3.4 shows that the binodal lines of the monomer system at different €2 almost
overlap with the theoretical values. The only notable difference is that the stability
ranges vary slightly with . The simulations tended to be unstable when one component
was nearly depleted (¢7 — 0).

For the polymer system, Figure 3.5 shows the comparison of the total density,
pressure, and the volume fractions and chemical potentials of each component to the
corresponding theoretical values. The total density of a system in equilibrium by LB is

nearly constant, but a slight density difference exists for two phases and spikes occur

54



100.01, T T le-14 1

T T
— LB simulation results|
Analytical solution

100005 5e-151 [, @A by miniminzing| *,
p N\ N free energy
100 P 0 .l o @Bbyminimizing | ' b
(p free energy
0.4 -
- by LB
99.995(- @B by
5615 —@AbyLB

— LB simulation result oz
99.991 analytical solution
Il Il

20 5 O 80 00 el 2 2 60, 80 100 % i . ® 1
L attice points L attice points Lattice points
‘ ‘ ‘ ‘ by LB smudion] | ‘

} by minimizing
4281 free energy
-0.334]-
B

pA VARVN"
-as2r — by LB smulation[| -03ss} i

by minimizing \j

free energy
436 033

100 100

“Lattice pGSi nts. “Lattice pBSi nts.

Figure 3.5. The total density, pressure, volume fraction and the chemical
potentials of the two components of a binary system by LB simulation are

compared to the theoretical values. The system has m? = 10, m? =1, y
= 0.94, kK = 0. For LB simulation, w = 0.9.

at the interface between the two phases. The Flory-Huggins model assumes constant
total density but the total density in LB simulation is only nearly constant. This may
account for the discrepancy of the simulation results and the theoretical values. The
volume fractions of each component by LB simulation agrees well with the theoretical
values. The pressure of the system by the LB simulation is 0 to the machine precision
in agreement with the theoretical value.

The chemical potential of each component by the LB simulation was very close to
the theoretical value. Chemical potential p4 of the two bulk phases differed slightly
while pp of the two bulk phases are nearly the same. Spikes existed at the interface of

the two bulk phases, the amplitude of which were less than 3% of the theoretical value.
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3.3.2. Simulations of ternary systems

To validate my algorithm for ternary systems, I perform LB simulations and
compared the equilibrium results to the theoretical predictions. The theoretical binodal
lines are obtained in Section 2.5.2. The theoretical equilibrium chemical potentials of
the three components of a ternary system were calculated by using Eqs. (A.11), (A.12),
and (A.13). The pressure of the systems in equilibrium was calculated by substituting
the chemical potentials into Eq. (2.17). However, the pressure of the overall fluid
obtained by Eq. (2.17) are again zero to numerical accuracy.

I performed LB simulations with two ternary systems: a monomer system with

A

mt =1, m?

= 1, and m® = 1 and a polymer system with m? = 10, m? = 1,
and m® = 1. The y parameters for both systems were y*? = 3, y4¢ = 0.5, and
xB¢ = 0.2. The inverse relaxation time constant for both simulations was Q = 0.9.
The critical point for the monomer system was ¢4 = 0.32, ¢ = 0.32, and ¢¢ = 0.36.
The critical point for the polymer system was ¢4 = 0.14, ¥ = 0.11, and ¢© = 0.75.
The initial state of each simulation were set from the critical points towards the end
point (¢4 = 0.5, # = 0.5, ¢© = 0). Initially a small sinusoidal wave perturbation of
an amplitude of 0.1 and wavelength of the lattice size was superimposed on the initial
volume fractions of the components to induce phase separation. I performed a LB
simulation for each set of initial volume fractions and obtained the volume fractions of
the two phases in the equilibrium state, resulting in two binodal points. The simulation

reached a stable state after about 20,000 time steps. The measurements were taken

after 200,000 time steps to make sure the equilibrium state was reached.
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Figure (3.6) shows the comparison of the binodal points by LB simulation to the
theoretical binodal lines of both systems. The binodal points obtained by the LB
simulation agree reasonably well with the theoretical binodal lines for the monomer
and polymer systems. The simulation becomes unstable when ¢* is close to zero, i.e.
when one component is nearly depleted. It is also noticeable that the binodal points
obtained by the LB simulation deviate from the theoretical binodal lines when one
component is nearly depleted. Immediately near the critical point, the evolution of
the system becomes extremely slow so the slight deviation between the binodal points
obtained through the LB simulation and the theoretical ones probably indicates that
the LB simulation was not yet fully equilibrated.

Figure 3.7 shows the comparison of the total density, pressure, and the volume
fractions and chemical potentials of each component. The total density of the system
obtained by LB simulation is very close to the theoretical value except the spikes at
the interface region. The amplitudes of these spikes are less than 1% of the theoretical
density. The Flory-Huggins model assumes constant total density but the total density
in LB simulations is only nearly constant. This may account for some of the discrepancy
between the simulation results and the theoretical predictions. The volume fractions of
each phase by LB simulation were very close to their theoretical values. The pressure
of the system by the LB simulation is again 0 to the machine precision. The chemical
potential of component A was slightly different in two phases, while the chemical
potentials of components B and C were much closer in the two phases, although there
were small spikes at the interface. The amplitude of the spikes are less than 2% of the

theoretical value. The chemical potential by LB agrees with the theoretical value.
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Figure 3.6. The binodal points of a ternary system

obtained by LB simulation are compared to the
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m®P =1, and m® = 1; the other has m* = 10, m®? = 1,
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To sum up, the equilibrium properties of the simulations in binary and ternary
systems validate my multicomponent LB algorithm for at least three components. The
binodal points obtained with my algorithm of different relaxation times converged to
the theoretical values. The pressure of the overall fluid was constant, and the chemical
potential for each component was also constant in equilibrium. Therefore, my model

was consistent with the expectations of equilibrium thermodynamics.
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Figure 3.7. The total density, pressure, and volume fractions and the chemical
potentials of each components of a ternary system by LB simulation are
compared to the theoretical results obtained by minimizing the free energy.
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CHAPTER 4

GALILEAN INVARIANCE OF THE LATTICE

BOLTZMANN METHOD

4.1. Lattice Boltzmann Galilean Invariance Violations and

Corrections

The Galilean Invariance Principle states that the fundamental laws of physics are
the same in all inertial (uniform-velocity) frames of reference in the non-relativistic
domain. Although the continuum Navier Stokes equation is Galilean invariant as shown
in Appendix B, LB simulations suffer from Galilean invariance violations because the
lattice frame is fixed and even the recovery of NSE in LB is not complete. Eq. (3.31)
shows that the error derived from the incomplete recovery of NSE increases as the
fluid velocity increases. Therefore, it is reasonable to deduce that the error of GI
violation also increase with the relative speed between the stationary frame and the
moving frame. Both the ideal gas LB model and the non-ideal gas LB model suffer
from GI violations, but the error sources for the two models are different. As shown in
Eq. (3.31) and Eq. (3.74), the ideal gas LB model suffers from GI violations because of
the w0,03Qqs, term, which was obvious when both a and A were set to zero. For the
non-ideal LB simulation, some extra terms were introduced through the A term. This

was especially the case when a non-ideal LB model was employed to simulate phase
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separation. Because near equilibrium at the interface region, the density gradient is
much larger than the pressure gradient thus contributes more to the Galilean invariance
violation through the density gradient in the A term.

The GI violation of the LBM is not always serious and may be acceptable in some
applications. But in other applications, it can cause problems. Recently, research has
investigated Lees-Edwards-like boundary conditions in lattice Boltzmann simulations
of sheared systems [58]. It turns out that these boundary conditions were problematic
[10], and I presume that Galilean invariance violations may be to blame. This motivated
me to investigate the GI of LB in detail.

To begin my analysis of the GI violation of LB, I introduced a criterion which can
be used to judge if an LB model is Galilean invariant and, if not, which terms cause the
errors. For any LB model that is Galilean invariant, its equilibrium density distribution

function must satisfy the following equation [8]:

(w) = M;(0), (11)
where the j order tensor M;(u) is defined as M;(u) = Z?:l(vi —u)’ f%(u); b is the
number of discrete velocities; v is the velocity of the distribution; and u is the average
velocity. For the purpose of GI judgement, terms of j < 3 are of most importance
because we required those terms in Section 3.1. to derive the hydrodynamic equations.
Although higher order terms do have some effect on the simulations, their effects are

minor compared with those of the lower order terms. Buick used Eqgs. (4.1) when he

derived coefficients of an LB model [8], but it can be used to test the GI of an LB
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model. The following moments are easily obtained by substituting Eqgs. (3.38) , (3.39),

and (3.40) into Eq. (4.1),

Mo(0) = p,  Mo(u) = p; (4.2)
My(0), =0,  M(u), =0; (4.3)
M3(0)ys = p/3,  Ma(u)ys = p/3; (4.4)
M;5(0),50 =0, Ms(w)y59 = —pu’ (4.5)

The result clearly shows the GI violation of the model because of the pu? term in Ms.

I applied Eq. (4.1) to the D1Q3 model here because I use this model exclusively
to verify my theoretical analysis. Actually, Eq. (4.1) is applicable to all LB models.
The results of the application of Eq. (4.1) to additional ideal and non-ideal models are
described in Appendix E.

Simulations are performed to test various approaches to GI violation corrections in
Table 3.1. A sound wave propagation simulation was performed to check the effects of
corrections in a one-phase scenario. A one-component phase separation simulation was

performed to check the effects of the corrections in a two-phase scenario.

4.2. Galilean Invariance Corrections for Sound Waves

In this section, I analyze the simulation of one-dimensional isothermal sound wave
propagation with LB ideal gas models. I simulated the sound wave propagation with

an isothermal LB simulation because those are the models we are interested in, even
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though an adiabatic model would be more physical. The results of the simulations
with and without GI corrections were compared to the analytical solution derived in

Appendix C,

p = po+ 0pyexp(—ck2 (1 — At)2)t)sin(k(z — cs\/1 — 2k2(1 — At/2)2t)),  (4.6)

where p is the density, po is the constant density of medium in the absence of a sound
wave, dpp is the initial amplitude of the density variation constituting the sound wave,
¢, 18 the sound speed, k is the wave number, 7 is the relaxation time of LB, and At is the
time step which is 1 in LB simulation. The density of the ideal gas is py = 100, and 3
wavelengths are in one frame. The initial condition for the simulation can be obtained
by using continuity equation Eq.(2.1). The initial density of the system is p[i] =
100 + pg sin(67i/ L), where i is the lattice site and L is the number of the total lattice
sites. The initial velocity is ui| = (—c2k(7 — At/2) cos(kxz) +cs0po sin(6mi/ L))/ pli] +uo,
where ug is the velocity of the frame of the medium with respect to the fixed lattice.
In my simulation dpg = 1. See Appendix C for the derivation.

To measure the effect of my Q correction on the GI violation, I introduced some
measurement definitions. Because a sound wave causes a density variation on a medium,
I defined the norm of the sound wave as N = {(p(i) — po(4))?), where i is the lattice site,
p(i) is the density of the medium with a sound wave, py(i) is the density of medium in
the absence of a sound wave. The absolute error is defined as E = {(py, (i) — p(i))?),
where p,, is the density when the frame on medium has a velocity uy with respect to

the static frame on the lattice, p(7) is density measured when ug is 0. When measured,
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Figure 4.1. The waveforms of sound waves in an ideal gas obtained
by the LB simulation with and without Q) correction were compared

to the theoretical values. The medium moved with a velocity of 0.1
with respect to the static frame.

pu, (1) and p(i) should be in the same phase with respect to i. The relative error is
defined as E, = \/E/N.

The attenuation of the sound waves in an ideal gas with and without Q correction are
compared in Figure 4.1. The measurement was taken after 2000 iterations. The figure
shows that the algorithm with correction gives a better result, namely it is closer to the
analytical solution. Figure 4.1 also shows a small phase shift between the theoretical
solution and the LB simulation. The source of which merits further investigation.

The errors and relative errors of the sound waves versus iterations with and without
() correction are compared in Figure 4.2. We see that both the error and relative

error of the sound wave with correction are smaller than that without correction.
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The simulation parameters of this simulation are the same as those in the attenuation
simulation, except ug = 0.1.

The relative error of the sound waves with and without correction are also compared
as a function of uy in Figure 4.3. The parameters for this simulation were the same
as those in the attenuation simulation except ug changes from 0.01 to 4.29, and the
iteration for each ug was 3000. Figure 4.3 shows that the relative error with correction is
smaller than that without correction. For both algorithms, the relative errors increase
with the velocity of the whole system.

All the simulation results show that the LB algorithm with correction performed
better than the algorithm without correction. Next, the effect of the GI correction by

the LB simulations in a system of two phases is checked.
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Figure 4.3. The relative errors of a sound wave in an ideal gas obtained
by LB simulation with and without Q correction are compared for
different ug after 3000 iterations.

4.3. Test of Correction in Liquid-Gas Phase Separation

To validate our GI violation correction approach, I simulated liquid-gas phase
separation described by a Landau free energy model (Eq. 2.31). The thermodynamics
of such a system has been discussed in Section 2.4.. The LB simulation results with
and without Q term correction were compared with the analytical solutions.

In order to measure the effects of the GI violation in the LB simulation, I used two
frames of reference: one was fixed on the lattice, and the other moved along with the
fluid at a velocity ug. For a stationary system, the density profile is given by a profile
po(x) and the velocity is u(x) = 0. When the same system is moving with velocity ug, I

expect a profile p(x) = po(z — upt) and a velocity u(x) = ug. Any deviation of Galilean
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invariant behavior shows up in deviations of the profiles of p(z) and u(x). Because
the analytical solution for the velocity profile was translation invariant, it was easy to

devise a measure of the Galilean invariance violation based on the velocity profile. I

defined the dimensionless error function as

(4.7)

E(uo) = \/Z(U(i)/uo 1L

The simulation showed that it typically takes less than 1000 iterations for the density
profile of the system to reach a stable state. The measurement was taken after 10°
iterations to be sure that the system was in an equilibrium state. The measurements
of different correction approaches are shown in Figure 4.4.

Figure 4.4 (a) shows the Galilean invariance error E(ug) for the different methods
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of Table 3.1. The errors of pressure approach were the largest because the density
profile in the LB simulation of this approach remained static at all values of wy.
The correction terms in the Holdych approach led to a significant improvement. The
additional ) correction term in the HoldychQ method did not lead to a noticeable
improvement, except for ug > 0.3, for which this method becomes more accurate and
more stable. The Forcing approach led to a good performance at a small ug, but
the error increased exponentially with wug, which can be expressed approximately as
E(ug) = 1073 exp(11.65up). The Q correction term in the ForcingQ method yielded a
significant improvement. For a small ug, the Forcing and Holdych methods gave the
same results as their () corrected versions because the correction term was cubic in ug
and, therefore, gave a negligible contribution to the forcing term.

When interpreting these results, it is important to note that the parameter space
for the Galilean invariance problem includes not only wg but also the parameters
determining the equilibrium density profile x, 6, and p. as well as the relaxation time
7. This parameter space is so large that it is not feasible to examine exhaustively here.
Since the Galilean invariance violations are related to gradient terms, it is reasonable to
assume that a wider interface leads to a smaller error. Because of the intrinsic surface
tension in the Forcing QQ approach, the thickness of the interface cannot be adjusted by
changing the value of  [55]. Therefore, only the HoldychQ method was employed for my
simulation. I performed simulations for different interface widths. The interface width
¢ is related to s through & oc k'/2 [7]. Figure 4.4 (b) shows that =12 oc €724 for large
k. So increasing the interface width is another means by which Galilean invariance

violations can be reduced. For thin interfaces the Galilean invariance violation was
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worse at smaller velocities. This effect is attributed to the pinning of the interface
to the lattice since the interface can be more easily dislodged by a larger advective
velocity.

To sum up, I have identified the Galilean invariance violation terms for both of the
ideal gas LB models and the non-ideal fluid LB model in the Navier Stokes equation
level. The corrections for both cases were presented. The simulations in one-phase and

two-phase systems validated the corrected algorithms.
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APPENDIX A

FLORY-HUGGINS MODEL OF POLYMER SOLUTION

The Flory Huggins free energy model is very popular in studying phase behavior
of polymer solutions. One motivation to develop the multicomponent LB method is
to apply it to simulate the hydrodynamics and phase-separation of multicomponent
polymer solutions. Therefore, I derive the free energy of the system from the model
[33]. T will start from a binary polymer solution then extend our conclusions to a
multicomponent solution.

For an isothermal system, the free energy change of the system can be calculated by
the entropy change and the internal energy change. For a binary system of components
A and B, A is monomer and B is polymer with polymerization m. The system can be
modeled as two kinds of balls in a three-dimensional lattice. Every lattice site can only
be filled with one ball. The entropy of a system can be calculated using Boltzmann’s
equation: S = kIn(), where 2 is the total number of distinguishable arrangements

having equal energy. For a binary system, the entropy change is

ASpmiz = k[InQap — (In QU + InQp)), (A1)

where 245 represents the arrangement in the mixture while 24 and (2 represent the

arrangement in the pure components. For our binary system, the total number of
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sites is N4 + mNpg. Consider the arrangement for the first polymer chain first. The
number of arrangements of the first mer is Ny + mNp. The number of arrangements
of the second mer is z, which is the lattice coordination number. The number of
arrangements of the third mer is z — 1 (one less because one coordination is occupied
by the first mer). The number of arrangements of the fourth mer is z — 1. The
number of arrangements of the fifth mer is (z — 1)e, where ¢ < 1 accounts for the
fact that some of the z — 1 neighboring sites not occupied by the third mer could
be occupied by the first or second. The “mean field approximation” is used because
rigorous treatment is difficult. Because € can be approximated as the overall fraction
of unfilled sites in the lattice, e5 = (Na + mNp — 4)/(Na + mNs) for the fifth mer,
and ¢, is assumed to be the same in one chain. The arrangements of the first polymer

chain vy is vy = (Na+ Np)z(z — 1)’”_25;.”’4. Similarly, the arrangements of the second

:1:7287'71—1

polymer chain can be obtained in the form v, = [Na + m(Np — 1)]2(z — 1)"7%¢]

while Ny +m(Np — 1) for the first mer, ze; for the second mer, and (2 — 1)¢; for the
third mer and so on. In general, v;y; = [Na+m(Np — 1)]z(z — 1)*72 . Since N
and N — 2 are large numbers, ¢; can be computed approximately for each chain rather
than each mer: ¢; = (Ng+m(Ng —j))/(Na+mNg). The approximation of z ~ z —1

yields

Lﬂlzpw+mwywﬂ&—DNw:fﬁéw}

i }mA (A.2)

= [Na+m(Np—i)]" {m
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Qap =

NB! NA + mNB
. (NA +mNB)' z 1 Np(m-1)
NA!Np! Ny +mNp
(A.3)
The arrangement of a pure polymer 25 can be found by setting Ny = 0:
I 171 NB(M-1)
Qp — (mNp)! [z —1 ' (A)
NB! mNB

Using 24 = 1 for a pure solvent and Sterling’s approximation, I obtain

= k[InQup — (InQ, + InQp)]

N
= k|{InNy+ mNp)! —In Nyl —In(mNg)! + Ng(m — 1) In <&>}

NA + mNB
= —k(NAlngbA—f—NBlIlgbB), (A5)
where ¢4 = % and ¢p = NATXL oy, are the volume fractions. The enthalpy change

of mixing can be calculated with a simple model. Let e 44 represent the contact energy
between two A mers and egp represent the contact energy between two B mers. The
enthalpy change for mixing to form one pair of A B contacts from pure A and pure B
contacts is Ae = e — %(eAA + epp), as illustrated by (e e 400 — 2e0 ), where o

and o represent an A mer and a B mer. For a polymer solution, the enthalpy of mixing
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is AH,,i. = paple, where pap is the total number of AB contacts in the solution.
Lattice sites adjacent to the end mer are z — 1 , and lattice sites adjacent to each mer
that is not at the end is 2 — 2. So the total lattice sites for a single chain with m degree
of polymerization are m(z — 1) + 2 =~ m(z — 2). And the lattice sites for all polymer
chains are Ngm(z — 2). With mean field approximation, ¢4 of the total sites are filled
by solvent, pap = Np(z — 2)m¢pa = (2 — 2)Na¢pp. Therefore, the enthalpy change of
mixing is AH,;, = (2 — 2)NappAe = kKT Nadpx, where x = (2 — 2)Ae/(kT) is the

interaction parameter. The free energy change of the mixing is
AGmix = AHmm - TASmm = kT(NA In ¢A + NB In CbB + NA¢BX)7 (AG)

where 6 = kT

Generalizing Eq. (3.1) to an arbitrary multicomponent system, considering the
contribution from gradient terms, I get the total Helmholtz free energy of the mixing
of a multicomponent system in Eq. (2.42).

The chemical potential can be calculated by substituting Eq. (2.42) into Eq. (2.16).
Considering the surface tension contribution, the free energy density of a binary system
can be obtained with Eq. (2.15) as

1 1 1
¢ = p(n?,nP) + §/<;AAVnAVnA + §/€ABVnAVnB + §/<LBBVnBVnB, (A7)
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where 1(n?, n?) is bulk free energy density, » is the surface tension parameter.

9¢ 99
A _ Y9 A.8
a onA * v@VnA (A.8)
= 9[—m,4 + In ¢A + ¢B(1 - mA/mB) + mAXAB¢ZB)]
—2:4V2nA — APV, (A.9)
pP = 0l=mp+o” + ¢ (1 = mp/ma) + m®xapd})]
—2kBV2nP — ABV2pA, (A.10)
Similarly, the chemical potential for ternary systems are
A A
ph = Blmmat gt + (1 - ¢Y) — 67 — 60
mB m
+mA(1 . ¢A)(¢BXAB + (bCXAC) o mAXBC¢B¢C]
254V — kAP — AOVINC, (A.11)
BB = Ol Ing + (1 - ) — 6O — AT
m¢ m
+TI’LB(1 _ QZS )(QbCXBC +¢A AB) mBXAC¢A¢C]
—2kBV2nP — kPOVINC — kABVInA, (A.12)
c c
c c c Am- pm-
po = O-mc+Ing” +(1—9¢")—0¢ poay S ey
+mC(1 . ¢C)<¢AXAC + (bBXBC) . mCXAB(,bA(bB]
—2k°V?nY — gAOVIA — KBOVIRS. (A.13)
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APPENDIX B

GALILEAN INVARIANCE IN CONTINUUM

To discuss the Galilean Invariance problem of LB, it will be beneficial to understand
that NSE itself obeys Galilean invariance. For two systems A" and A, if A is moving with

a constant velocity U with reference to A’, the Galilean transformation is as follows:

( r =r+ Ut
=t
\ u=u+U
and also )
r=r"— Ut
t=1
u=u -U.

\

Suppose F(r,t) is an arbitrary function in the A system and F'(r',t') is the
corresponding function in A’ system. The two functions describe the same physical

field. We have

F(r,t) = F'(r + Ut, 1), (B.1)

F'(r';t) = F(r' = U, t). (B.2)
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Because 0,r' = 0,(r + Ut) = 0,r, we have

O F = 0 F' (B.3)
O F(r,t) = 0, F' (r + Ut,t) = Op F' +u- 0p F'. (B.4)

Similarly, we can get
OpF' = 0,F — U - O, F. (B.5)

The continuity equation in system A is

Op + Or(pu) = 0. (B.6)

By using Eq. (B.3) and Eq. (B.5), the continuity equation in system A’ is

O p' + O (p'u)
= atp -U- arp + 8r(pu) + ar<pU)

= atp + arpu

The right side of the NSE equation contains only spatial derivatives that are equivalent

81



in the two systems. The left side in the A’ system is

0 (Opu + ufOpu;)
= p'(Ovu; + wOu)
= p[(@t — Ukak)(u, + Uz) + (uk + Uk)ﬁk(uz + Ul)]

Therefore, the NSEs are of the same form in both the A and the A’ system.
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APPENDIX C

ANALYTICAL SOLUTION OF ONE-DIMENSIONAL

SOUND WAVE

The theoretical equation describing the sound wave propagation in an isothermal
ideal gas in one dimension is needed as a reference to validate the LB simulation

algorithm.

C.1. Sound Wave Equation Without Viscosity

The sound wave equation in isothermal ideal gases in one dimension can be derived
from the continuity equation Eq. (2.1) and the Navier Stokes equation Eq. (2.2). Since
the sound wave equation is expected to be a second order differential equation, terms
of higher order smallness can be neglected in the derivation. The velocity of the fluid u
caused by a sound wave can be treated as a small quantity of the first order of smallness
when the amplitude of the sound wave is small. Suppose the viscosity is negligible, Eq.
(2.2) yields

(pu) + VP = 0. (C.1)

Doing time derivative of Eq. (2.1) gives

02p+ 0,V - (pu) = 0. (C.2)
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Substituting Eq. (C.2) into Eq. (C.1) leads to

d}p—V?P =0.

In ideal gas, the P = kT'p is a constant, so in the isothermal case d,P = kT

V2P = kTV?)p.

The wave equation is given by

02p = kTV?p

In one dimension, Eq. (C.5) reduces to

0;p = kTd:p

The sound velocity obviously is given by

cs = VEKT.

In the LB lattice model, the sound velocity ¢, = 1/+/3.
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C.2. Sound Wave Equation with Viscosity

To derive the sound wave equation with viscosity, I express the stress tenor of Eq.

(2.3) in an alternative form

Uij = ﬁ(a]uz + &uj) —+ )\5le - u, (CS)

where 7 is the shear viscosity and A is the second viscosity.

The NSE with this viscosity definition is given by

poyu+pu-Vu=—-VP+ (2n+ ANV(V-u). (C.9)

Eq. (C.9) in one dimension becomes

pu + put, = (21 + AN Uze — Do (C.10)

In order to find an analytical solution of a sound wave, the sound wave amplitude

should be considered.

p=206p+po, p=03p+po, (C.11)

where dp and dp are the perturbations of density and pressure caused by sound waves,
and py and pg are the density and pressure of the ideal gas without a sound wave. Note
that dp, dp , and u are of the first order smallness, which is denoted as O(e). In sound

wave analysis, the long wave length assumption is not applicable, and the time and
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space derivative of a variable would not increase its order of smallness. Plugging Eq.

(C.11) into Eq. (C.10) and retaining only the first order terms give

pots + 0pe = (20 + Ntige + O(€?).

Eq. (C.7) implies in isothermal case,

5p = c2op

Substituting Eq. (C.11) into Eq. (2.1) yields

(S,Ot + Poly = 0(62).

Denoting s = 2n + A and doing ¢ derivative to Eq. (C.12) lead to

Polty + 5pmm = SUgqqz + 0(63)-

Doing « derivative to Eq. (C.13) gives

6pe = C20py.

Doing ¢ derivative to Eq. (C.14) gives

5ptt + Polgt = 0(63).
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Doing x derivative to Eq. (C.14) gives
8pre + Polzs = O(€%). (C.18)

Substituting Eqgs. (C.16), (C.17), and (C.18) into Eq. (C.15) and keeping the terms

only to the order of O(€?), the wave equation is obtained in the form of
s
0

We assume the analytical solution is of the form dp = dpgexp(i(kz — wt)) where

w =« — 1 and [ is the attenuation coefficient. So I have

Spy = —wép (C.20)
$pee = —Kk*0p (C.21)
Spest = iK*wop (C.22)

Substituting Egs. (C.20), (C.21), and (C.22) into Eq. (C.19) gives

W=k +i—— =0 (C.23)

In the one dimensional LB model, by noting ¢, = 1/v/3, s = 2v + 0 = 2p(1 — 6t/2)/3,

and with the substitution of complex expression of w into equation C.23, an algebra
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equation can be obtained as

o —i2af8 — % — Ek* +iac’k? (2T — At) + Bk (21 — At) = 0. (C.24)

The real and imaginary parts of the equation C.24 should both equal to zero. The

solution of the simultaneous equations obtained is

B = K (1 — At)2) (C.25)

a = /K2 — Ak (T — At)2)? (C.26)

A general solution is then of the form

p = po+ dpoexp(—k* (1T — At/2)t) sin(k(z — cy/1 — k2T — At/2)2 t)). (C.27)

To find the initial condition for my LB simulation, I substitute the Eq. (C.27) into the

continuity equation Eq. (2.1) and obtain
: 0
—dpoff exp(—pt) sin(kx — at) — dppa exp(—pFt) cos(kx — at) + %(pu) =0 (C.28)

Integrating Eq. (C.28) with respect to x, applying ¢ = 0 and Egs. (C.25) and (C.26),

I get the initial condition for u(z) in a static medium frame as

u(z) = dpo (—Czk(T — At/2) cos(kx) 4 co\/1 — 2k2(T — At/2)? sin(kx)) /p(x)

(C.29)
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APPENDIX D

THE DERIVATION OF PRESSURE TENSOR

The pressure tensor can be derived from the total free energy expression of a system,

which is given by Eq. (2.18). The force on density can be obtained from the derivative

of the pressure tensor or from the product of the density and the the derivative of the

chemical potential, which is given by Eq. (2.16). Therefore,

oF
8,8Paﬁ = n@a (E)

dy
= n0, (% - ﬁ@g@gn) .

The first term of the equation(D.1) can be written

dy\ Ay i
8a (n%) — %(%n = 8a (n% — 2/)) .

And the second term becomes

K[(9an)(005m) — 0a(nds0sn)]

= K[05{(0.)(@5m)} — (9m)D3Dan — Ba(nV?n)]

= k0 | (Ban)(Fpn) — s (n(VQn)+%|Vn\2)]
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By Egs (D.2) and (D.3) we have
03 Pnp = 0p [(Lg <p0 — knV?n — g\Vn]2> + k(0n)(0sn) | , (D.4)
where py = ”% — 7). Therefore up to an arbitrary constant
P.g = 0ap (po — knV?n — g]Vn\z) + K(0an)(0gn). (D.5)

Following the same process, the pressure tensor of a binary system can be obtained as
[51]:

Pop = POap + £,(9ap)(95p) + Ku(Opp) (Fpp), (D.6)

where p = py — k,pV?p — £|Vp|* — k,oV?p — Z2|Vo|?* and py = pd,h + @, — 1).

Here p = ny +np and ¢ = ny —np are the sum and difference of the two components.
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APPENDIX E

GALILEAN INVARIANCE EXAMINATIONS

Eq. (4.1) can be used to examine whether an LB model is strictly Galilean invariance
and to indicate which terms break the GI. Four models are examined: the D2Q7 and
D2Q9 models for ideal gases; Swift’s and Inamuro’s models for non-ideal gases. The

moments in the D2Q7 ideal gas model are

Table E.1. Velocity product summation(D2Q7)

sum over i fori=2,---,7
Z?:o Vi 0
Z?:O 'Uiavzﬂ 35@[3
%:?:0 Via Vi Viy 0
Zi:o ViaVigViyVis %(504,3575 + 00035 + 5045557)
6
Zizo ViaVigVinVisVio 0
Mo(0) = p, M;i(u) = p;
Ml(O)’Y = 07 Ml(u)'y — 07

M3(0),5 = 46,5, Ma(u),s = 50,s;

M3(0)759 =0, M3(11)y59 = —PUyUsUg.

The moments in the D2Q9 ideal gas model are
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Table E.2. Velocity product summation(D2Q9)

sum over i fori=2,---.,5 for i=6,---,9
Z Via 0 0
Z ViaVip 25(15 45@5
> ViaUigliy 0 0
Z ViaVigVinVio 2(5%3(5&75&, 4((5aﬁ(57g + 50476,60 + 5040(5/37 - 2(5(15(5&7530)
Z ViaVigCiyVigUix 0 0
My (0) = p, Mo(u) = p;

M5(0),5 = §5v57 Ms(u) = g‘sv&?

M3(0)450 =0,  Ms(u) = —puyusug .

Therefore, the above three ideal gas models suffer GI violation because of the
—pu,usug term, just as shown in Eq. (3.31) . Non-ideal fluid models also can be tested

with the model. For the Swift model, the equilibrium distribution in D2Q7 model is of

the form
i = A+ Bugvia + Cu® + Dugugviais + GapiaVis, (E.1)
forte=1,---,6 . For particles at rest,
(t]sq = A() + Cou2, (EQ)
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where the coefficients are

Ay =n—64, A= (py—Kk—nV?n)/3c*, B=n/3c*,C =—-n/6c*,Cy = —n/c’,

K 2
D =2n/3c*,G e = —Gyy = 30 {(8.n)* — (Oyn)*}, Guy = @Kﬁxnﬁyn.

Similarly, the moments can be obtained as

Mg(O)M; = 314(575 + %G,ﬂ;, Mg(u)m; = 3A575 + %Gw;
Mg(u),y(;g = —NU,UsUy + %(Ua(%(s + U(;(Syg + u7559>

M3(0)s0 = 0,
—3A(UQ(575 + u(;évg + u7559) — %(U@G»ﬂ& + U,YG% + u(;Gg,y).

Inamuro suggested the following equilibrium distribution function in D2Q9 model.

[22]:
fi* = Hip+ Fi[(po — #pA°p) + 2wu,0, ] (E3)
3, 9
+E;p[3uavia — U + §uau5viavig] + E;Gopvinvig, (E.4)
where ¢ = 1,--- 9, and o, 3,7 = 1,2 are the Cartesian coordinate with summation

convention. H; = 1and H; =0fori=1;2,---,9; Elzé,Ei:%fori:Z'-- , 5, and

Ei:%fori:6,---,9; Flz—g,Fi:%fori:Z---,5,andFi:%f0ri:6,---,9.

9 9
Gap = 5[K0ap0sp + w(usdap + tapp)] = 1100, p + 2wit,0,p|0g. (E.5)
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where w = %(T — %)Ax, and p, is the pressure of a van der Waals fluid. Denote

p1 = po— kpV2p.

Mo (0) = p, Mo(u) = p;

M2<O)'y§ = pléfyé + %GV(S? M2(u)'y§ = plé'yé + %G'y5;
Ms(0)y59 = —puqytisgtig — Pr(taO5u, + Usbye + Ugdys)
M3<0)769 = 07
—%(U7G§u6 + u(gGV@ + ’LL@G,Y(;).
It is clear that the GI violation term pu,ugu. from the ideal gas model still remains

uncorrected for all the non ideal fluid model corrections. Therefore a correction for

puaugu, term has not been done in all the above models.
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APPENDIX F

CODE FOR THEORETICAL SOLUTION OF A BINARY
SYSTEM

/*This code is to calculate the binodal lines of a binary system.
As one phase separates into two phases, the free energy of the
system changes. We find the two binodal points by dislodging
the state variables of the two resulting phases until the free
energy of system reaches minimum.

by Qun Li on July, 2005 */
#include<stdio.h>
#include<stdlib.h>
#include<string.h>
#include<unistd.h>
#include<math.h>
#include<mygraph.h>
#define PRECISION 1le-10

/* calculate the the free energy of the system */
double FreeEnergy(double phi, double chi, double polymerization)
{double freeenergy;
if (phi<=0 || phi>=1)
{
printf("The valid value of phi is in (0,1)" );
return .0;
}
freeenergy = phi* log(phi) + (1.- phi)* log(l.- phi)
/polymerization + chi * phi * (1. - phi);
return freeenergy;

}

/*calculate the free energy of the system when it phase separates
from a homogeneous state of phiO into two phases, phil and phi2.x*/
double Fmix(double phiO, double phil, double phi2,
double polymerization, double chi)
{ double fmix;
if (phil< phiO && phiO< phi2 )
fmix= FreeEnergy(phil,chi,polymerization)*(phiO-phi2)/(phil-phi2)
+ FreeEnergy(phi2,chi,polymerization)*(phil-phi0)/(phil-phi2);
else
fmix=FreeEnergy(phiO,chi,polymerization);
return fmix;
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/

(0]

* dislodge phil back and forth to find the minimum free energy
f the system*/

double FindPhilmin(double phiO, double phil, double phi2,
double step,double polymerization, double chi,double boundaryl)

{

3

/

double phimin, fmin, f1, f2, £3, phill, philr;
phill = phil-step;

philr = phil+step;

if (phill <=boundaryl)

phill = phil;
if (phil+step > phiO)
philr = phiO;

f2=Fmix (phiO, phill, phi2, polymerization, chi);
f1=Fmix(phiO, phil, phi2, polymerization, chi);
f3=Fmix(phiO, philr, phi2, polymerization, chi);
fmin = f1;

phimin=phil;

if (f2<fmin)
{

phimin=phill;

fmin=£f2;
}

if (£3<fmin)

phimin=philr;
return phimin;

*dislodge phi2 back and forth to find the minimum free energy
of the system */

double FindPhi2min(double phiO, double phil, double phi2,
double step,double polymerization, double chi,double boundary2)

{

double phimin, fmin, f1, f2, £3, phi2l, phi2r;
phi2l = phi2-step;
phi2r = phi2+step;
if (phi2r >= boundary?2)

phi2r=phi2;
if (phiO + step > phi2)

phi2l = phiO;
f1=Fmix(phiO, phil, phi2l, polymerization, chi);
f2=Fmix (phiO, phil, phi2, polymerization, chi);
f3=Fmix (phiO, phil, phi2r, polymerization, chi);
fmin = f1;
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phimin=phi2l;
if (f2<fmin)
{
phimin=phi2;
fmin=£f2;
b
if (£3<fmin)
phimin=phi2r;
return phimin;

¥

main(){
FILE *pt;
int changel, change?2;
double chi, step, phiO, phil, phi2, philmin, phiZ2min, polymerization,
epsilon, boundaryl, boundary2, phi_critical, chi_critical;
pt=fopen("bim5.dat","w");
epsilon= 1le-10;
boundaryl= epsilon;
boundary2=1.0-epsilon;
polymerization=5;
chi_critical =(polymerization + 1 + 2 * sqrt(polymerization))
/ (2*polymerization) ;
phi_critical = 1/(sqrt(polymerization)+1); //volume fraction
for(chi = chi_critical; chi<b.1; chi=chi+0.01){
step=0.01;
phiO= 1- phi_critical; /% This is for solvent volume fraction */
phil = phi0O - 2.0*step;
phi2 = phiO + 2.0%*step;
do{
do{changel1=0; change2=0;
philmin = FindPhilmin(phiO, phil, phi2, step,
polymerization, chi, boundaryl);
if (philmin != phil){changel=1; phil = philmin;}
phi2min = FindPhi2min(phiO, phil, phi2, step,
polymerization, chi, boundary2);
if (phi2min != phi2){change2 =1; phi2 = phi2min;}
twhile(changel==1 || change2==1);
step = step/2. ;
}while(step > epsilon);
fprintf (pt, "%e ‘%e %e \n", chi, phil, phi2);}
fclose(pt);
return O0; }
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APPENDIX G

CODE FOR THEORETICAL SOLUTION OF A TERNARY
SYSTEM

/* to calculate the binodal points and chemical potentials
with a Flory-Huggins free energy model of constant density */

#include<stdio.h>

#include<stdlib.h>

#include<math.h>

#define SIZE 1000

#define PRECISION 1e-8

double mA=10.0,mB=1.0,mC=1.0,density =100, /*m=polymerization*/

can, dtheta_initial=0.001,chiAB=3,chiAC = 0.5, chiBC = 0.2;

/* chi is the interaction parameter between species */

double x[SIZE], y[SIZE], f[SIZE], ddf[SIZE],

/* ddf array is the second derivative of f x/
xx0, yyO, xx1, yyl, xx2, yy2, size=SIZE, d = 0.01,

/*d is the distant of two middle point */
s= le-4, /* s is step, xxl1 is at left, xx2 is at right */
tie_end_x1,tie_end_x2,tie_end_yl,tie_end_y2,sinitial=0.01,
dinitial = 0.01, fminbi, theta, temperature = 0.3333333,

/*this temperature is theta in LB*/dtheta=0.0001,epsilon=1e-8;

double AlnA(double x){
if(x < 1e-36) return O0;
return x*log(x);
}
/* the free energy per mer site */
double FreeEnergyDensity(double x, double y){
double z, free;
z=1-x-y;
free = temperaturexdensity*(1 + AlnA(x)/mA + AlnA(y)/mB
+ AlnA(z)/mC + chiAB*x*y + chiAC*x*z +chiBCxy*z);
return free;
}
double chemA(double x, double y){
double chem_po, z;
z = 1-x-y;
chem_po=temperature*(-mA +log(x)+(1- x)-y*mA/mB-z*mA/mC
+ mA*(1-x) *(y*chiAB + z*chiAC) - mAxchiBCxky*z);
return chem_po;
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double chemB(double x, double y){

double chem_po, z;

z = 1-x-y;

chem_po = temperature*(-mB+log(y)+(1-y)-z*mB/mC-x*mB/mA

+ mB*(1-y)*(z*xchiBC + x*chiAB)-mB*chiAC*x*z) ;

return chem_po;
}
double chemC(double x, double y){

double chem_po, z;

z = 1- x-y;

chem_po = temperaturex(-mC+log(z)+(1- z)-x*mC/mA-y*mC/mB

+ mC* (1-z) *(x*chiAC + y*chiBC) - mCxchiAB*x*y);

return chem_po;

}

/* Fmix is free energy of the system with (xx1, yyl), (xx2, yy2)
phases after phase separating from xx0, yy0 phase. The total
volume is assumed to be one and constant in phase separation.*/
double Fmix(double xx0, double yy0O, double xx1,

double yyl, double xx2, double yy2) {

if (xx1 == xx2) return FreeEnergyDensity(xx0, yy0); return
FreeEnergyDensity (xx1,yyl) * (xx0*yy2-xx2*yy0) / (xx1*yy2-xx2*yy1l)
+FreeEnergyDensity (xx2,yy2) * (xx0xyyl-xx1*yy0) / (xx2*yyl-xx1*yy2) ;
}
void SecondOrderDerivative( double a[], double ddal], int size){

int i;
for(i=1; i<size-1; ++i)

ddali] = (ali+1] + al[i-1] - 2.0%a[il);
dda[0] = dda[1];
dda[size-1]=ddal[size-2];
}
void Tie(double theta, double xx0, double yy0){
int 1i;

0;
xx0 + yyOxtan(M_PI/2.0 - theta);
tie_end_yl = yy0 + xxOxtan(theta);
tie_end_y2 = 0;
for(i=0;i<size;i++)

{ x[i]=tie_end_x1+((double)i/(size-1.0))*(tie_end_x2-tie_end_x1);
y[i]=tie_end_y1+((double)i/(size-1.0))*(tie_end_y2-tie_end_yl);
f[i]=FreeEnergyDensity (x[i],y[il);

SecondOrderDerivative( f, ddf, size);

3

tie_end_x1
tie_end_x2

}
void Pre_binodal (void){
int 1i;
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for(i=0; i<size; i++)
{ if(ddf[i] >= 0 && ddf[i+1]1<0)
{xx1 = x[i+1];

yyl = yli+1];
+
if (ddf[i]1<0 && ddf[i+1]1>=0)
{ xx2 = x[i];
yy2 = ylil;
break;
+
+

}
/* Findminl function is to determin the minimum total free energy
of the two separated phases, given three points along a fixed
tie line. The middle points is the original one, and another two
points are at the outside and inside of the original point.
The range of the outside and inside points are limited */
void Findminl_once(void){
double fminl, foutl, finl, xlout, ylout, xlin, ylin, xlmin, ylmin;
xlout=xxl-s*cos(theta);
ylout=yyl+s*sin(theta);
x1in = xx1 + s*cos(theta);
ylin = yyl- s*sin(theta);
if (xlout+ylout >1 || xlout<0){
xlout = xx1;
ylout =yyl;
+
if(x1in >xx0){
x1lin = xx0;
ylin= yyO0;
}
fminl=Fmix (xx0,yy0,xx1,yyl,xx2,yy2);
x1min=xx1;
ylmin=yy1l;
foutl = Fmix(xx0,yy0,xlout,ylout,xx2,yy2);
finl = Fmix(xx0,yy0,x1lin,ylin,xx2,yy2);
if (fouti< fmini1){
fminl= foutl;
x1lmin= xlout;
ylmin= ylout;
+
if (finl < fmin1){
fminl= fini;
x1lmin= x1in;
ylmin= ylin;
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+
xx1=x1min;
yyl=ylmin;
}
/*The Findmin2 function behaves similar as Findminl */
void Findmin2_once(void){
double fmin2,x2out,y2out,x2in,y2in,fout2,fin2,x2min,y2min;
x2out = xx2+s*cos(theta);
y2out = yy2-s*sin(theta);
x2in = xx2-s*cos(theta);
y2in = yy2+ s*sin(theta);
if (x2out+y2out>1 || y2out <0){
x2out = xXx2;
y2out = yy2;
}
if (x2in < xx0 ) {
x2in = xx0;
y2in= yyO0;
}
fmin2=Fmix (xx0,yy0,xx1,yyl,xx2,yy2);
X2min=xx2;

y2min=yy2;
fout2 = Fmix(xx0,yy0,xx1, yyl,x2out,y2out);
fin2 = Fmix(xx0, yy0, xx1, yyl, x2in, y2in);
if (fmin2>fout2){

fmin2 = fout2;

x2min = x2out;

y2min = y2out;
}
if (fmin2 > fin2){
fmin2 = fin2;
x2min = x2in;
y2min = y2in;
}
xxX2 = x2min;
yy2 = y2min;

}
void Findmini (){
double oldxxl1;
do{ oldxxl= xx1;
Findminl_once();
}while(oldxxl != xx1);
+
void Findmin2(){
double oldxx2;
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do{ oldxx2= xx2;
Findmin2_once();
}while(oldxx2 != xx2);
}
void Fix_binodal (){
s = sinitial;
do
{
Findmin1();
Findmin2();
s = s8/10.0 ;
+
while (s>PRECISION) ;
fminbi= Fmix(xx0,yy0,xx1,yyl,xx2,yy2);

}

void Initial_condition(void)

{ s=sinitial;
d=dinitial;

xx0=0.4999;
yy0=0.4999;
theta=M_PI/4;

+

/*Find binodal points on line */

void Binodal_online(void){

Tie(theta, xx0, yyO0);

Pre_binodal();
Fix_binodal();

}

/* the function is to find the initial binodal */

void Initial_binodal(void){

Initial_condition();
Binodal_online();

}

/*Find the new middle point from the old one by moving
distance d from the old one along the direction perpendicular
to the old tie line and towards the original point. */

void Next_center(void ){

xx0=(xx1+xx2)/2.0;
yy0=(yyl+yy2)/2.0;
xx0=xx0 - d*sin(theta);
yy0=yy0 - dxcos(theta);

}

/* the function is used after Tie() function to find the binodal

point with only one rotation */

void Rotation_once(void){
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double theO, thel, the2, themin, fthemin,thexl,thex2,theyl,they2;

thel = thetatdtheta;

the2 theta-dtheta;

theO theta;

theta = thel;

Binodal_online();

{

fthemin = fminbi;

themin = theta;

thexl = xx1;

thex2 = xx2;

theyl = yyi;

they2 = yy2;

}

theta the2;

Binodal_online();

if (fminbi<fthemin){
thex1=xx1;
thex2=xx2;
theyl=yyl;
they2=yy2;
themin = theta;
fthemin = fminbi;

}
theta=thel;
Binodal_online();

if (fminbi<fthemin){
thex1=xx1;
thex2=xx2;
theyl=yy1l;
they2=yy2;
themin=theta;

fthemin = fminbi;
}
fminbi = fthemin;
theta=themin;
xx1=thex1;
xx2=thex2;
yyl=theyl;
yy2=they2;
}
Binodal_rotation(){
double oldfminbi;
doA{
oldfminbi = fminbi;
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Rotation_once();
} while( oldfminbi != fminbi ) ;
}
/*To find the binodal point with the many rotations */
void Binodal (void){
double thetaold;
dtheta = dtheta_initial;
do
{
thetaold=theta;
Binodal_rotation();
dtheta = dtheta/10;
}
while(dtheta > PRECISION);
}
/* this function check if phase separation is possible */
int Can(double theta, double xx0, double yyO) {
int i=0;
Tie(theta, xx0, yyO0);
for(i=0; i<size; i++)
if(ddf[i] < 0) return (1);
return (0) ;
}
main(){
FILE* pt;
pt = fopen("terncheml.dat", "w");
Initial_condition();
Initial_binodal();

can =1;
while(can ==1)
{

if( yyl <= 0.4) 4 = 0.0001;
Next_center();
can = Can(theta, xx0, yy0);
Binodal();
fprintf(pt, "%WE %f %f %E %f Y%f Uf f S %f \n",xx1l,yyl,xx2,yy2,
chemA(xx1, yyl), chemA(xx2, yy2), chemB(xxl, yyl),
chemB(xx2, yy2), chemC(xxl, yyl), chemC(xx2,yy2));
}
fclose(pt);
return O;

¥
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APPENDIX H
CODE FOR LIQUID-GAS SYSTEM (HOLDRYCHQ)

/*The code is to verify the Holdych correction to pressure tensor.
The presure tensor correction = (\tau - 0.5)*ux\partial_x n,
and therefore we have the equilibrium distribution function as:
feqO0=n-p-nu~2-c; feql=(p+nu~2+nu+c)/2; feq2=(p+nu~2-nu+c)/2;*/
#include<stdio.h>
#include<stdlib.h>
#include<unistd.h>
#include<math.h>
#include<mygraph.h>
#define xdim 100
static int i, size = xdim, Repeat = 1, done= 0, sstep = 0,
Pause=1, densityreq = 0;
static double fO[xdim],f1[xdim],f2[xdim],omega = 1, n[xdim],
ulxdim] ,p[xdim] ,dn[xdim] ,mu[xdim], nu[xdim], ddn[xdim],
kappa = 0.1, nc = 1,pc=0.125,betatau=0.03,u0=0,correction[xdim];
double chem_an, pressure_an, n_an[xdim];
Analytical O{
chem_an = 4*pc*(l-betatau)/nc;
pressure_an = pcx (1-betatau)*(l-betatau);
for(i=0; i<100; i++)
n_an[i]=nc*(1+sqrt(betatau)*tanh((50-1i)
/sqrt (kappa*nc*nc/ (2xbetatau*pc))));
}
void init (void){
int i;
for(i=0; i < xdim; i++){
nl[i] = 1 + 0.01*sin(2*%M_PI*i/xdim);
uli] = u0;
fo[il = (nlil-n[il*ulil*ulil-p[il);
f1[i] = (@[il*ulil/2+n[il*ulil*uli]l/2+p[i]/2);
f2[i] = (-nlil*ulil/2+n[il*ulil*ulil/2+p[i]l/2);
}
}
FirstOrderDerivative(double *a,double *da, int n){
int i;
daf[0]=(a[1]-a[n-1]1)/2.0;
da[n-1]=(a[0]-a[n-2])/2.0;
for(i= 1; i<n-1; ++i)
dalil=(ali+1]-al[i-1]1)/2.0;
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}
void SecondOrderDerivative( double al], double ddal], int n){
int i;
dda[0]= (a[1]l+al[n-1]-2.0%*al[0]);
dda[n-1]=(al[0]+a[n-2]-2*a[n-1]);
for(i=1; i<n-1; ++i)
ddal[i] = (ali+1] + ali-1] - 2.0%*al[il);
}
void iterate(void){
int i=0;
double templ, temp2 ;
/*pc critical presure; beta a constant; nc critical density*/
/*tau = (Tc-T)/Tc; */
for (i=0;i<xdim;i++){
n[il=fO[il+f1[i]1+£f2[i];
nuli] = (n[i] - nc)/nc;
uli]l=(f1[i]-£f2[i])/n[i];
mu[i]=4*pckx(nuli]+1)*(nulil*nuli]-nuli]+1.0-betatau)/nc
-kappax*ddn[i];
}
FirstOrderDerivative(n,dn,size);
SecondOrderDerivative(n,ddn,size);
for (i=0;i<size;i++){
plil=pc*(nuli]+1)*(nul[i]+1)*(3*nuli]*nuli]-2*nul[i] +1-2*betatau)
-kappa*ddn[i] + kappa*dn[il*dn[i]/2.0;
correction[i]=(1.0/omega-0.5)*uli]*dn[i];
}
for (i=0;i<xdim;i++){
fO[i]+=omega*(n[i]l-n[il*ulil*uli]l-p[i]-correction[i]-f0[i]);
f1[i]l+=omega*((n[il*ulil+n[il*uli]*ulil+p[i]+correction[i])
/2.0-£1[i1);
f2[i]+=omegax((-n[il*ulil+n[il*uli]l*ulil+p[i]l+correction[i])
/2.0-£2[i]);
}
templ = f1[xdim-1];
temp2=f2[0] ;
for(i=1; i<xdim; i++){
f1[xdim-i]=f1[xdim-i-1];
f2[i-1]=£f2[i];
}
f1[0]=templ;
f2[xdim-1]=temp?2;
}
/*
void GUI()

106



DefineGraphN_R("Density", n, &size, &densityreq);
DefineGraphN_R("Chem. Pote.",mu, &size, &densityreq);
DefineGraphN_R("U", u, &size, &densityreq);
DefineGraphN_R("p",p,&size,&densityreq);
StartMenu("GUI",1);

DefineDouble ("u0",&u0) ;
DefineDouble("kappa",&kappa) ;
DefineDouble("nc",&nc) ;

DefineDouble("beta tau",&betatau);
DefineDouble ("Pc",&pc) ;
DefineDouble("omega" ,&omega) ;
StartMenu("Restart",0);

DefineMod("xdim" ,&size, xdim+1);
DefineFunction("Restart",&init);

EndMenu() ;

DefineGraph(curve2d_,"Density graph");
DefineBool("pause",&Pause) ;
DefineBool("Single step", &sstep);
DefineInt ("Repeat", &Repeat);
DefineBool("Done", &done);

EndMenu() ;

int main()

{

int i;
initQ);
GUIQ);
while (!'done)
{
Events(1);
DrawGraphs () ;
if (!Pausel|sstep)
{

sstep=0;
for (i=0;i<Repeat;i++)iterate();

}

else

{

sleep(1);

}

}
}

return O;
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*/

int main(){
FILE* pt;
int 1i;
pt = fopen("HoldychDensityPressure.dat","w");
initQ);
AnalyticalQ);
for(i=0; i<100000; ++i)
{
iterate();
+
for(i=0; i<100; i++){
fprintf(pt,"%d %f %f %f %f %f %f \n", i, n_an[il, n[i],
pressure_an, pli], chem_an, muli]);
}
fclose(pt);
return O;
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APPENDIX I
CODE FOR LIQUID-GAS SYSTEM (FORCINGQ)

/*This code treats the pressure as two parts: pi, ideal gas pressure
and pni, non ideal gas pressure. The effect of 1ideal gas pressure
is introduced into the LBE as presure equaling to n/3. The effect
of the non ideal gas pressure is introduced into the LBE as force
equaling to na = divergence of the non ideal gas pressure.
Also the Q term correction is included.
na=(tau-1/2)\partial“2(nu~3).
FO= 2*tauxu*na; Fl=-tau*(u+0.5)*na; F2=-tau*(u-0.5)*na;
also feq i = f7o_i - F_i; x/
#include<stdio.h>
#include<stdlib.h>
#include<string.h>
#include<unistd.h>
#include<math.h>
#include<mygraph.h>
#define SIZE 100
static int i, size = SIZE, Repeat = 1, done= 0, sstep = 0,
Pause=1,nreq=0,iterations=0;
static double fO[SIZE],f1[SIZE],f2[SIZE], n[SIZE], dn[SIZE],
ddn [SIZE],chem[SIZE], pni[SIZE],nul[SIZE],na[SIZE],

Q[SIZE],ddQ[SIZE],dpni[SIZE], ul[SIZE], p[SIZE], kappa = 0.1,
nc = 1.0, pc = 0.125, betatau=0.03, u0=0, omega =1.0;
double chem_an, pressure_an, n_an[SIZE];
Analytical (O{

chem_an = 4*pc*(l-betatau)/nc;

pressure_an = pc* (1-betatau)*(l-betatau);

for(i=0; i<100; i++)

n_an[i]=nc*(1+sqrt(betatau)*tanh((50-1i)

/sqrt (kappa*nc*nc/ (2*betatau*xpc))));
}
FirstOrderDerivative (double *a,double *da, int n){

int i;

dal0]=(al[1]-al[n-1])/2.0;

da[n-1]=(a[0]-a[n-2])/2.0;

for(i= 1; i<n-1; ++i)

dali]l=(ali+1]-a[i-1]1)/2.0;

b
void SecondOrderDerivative( double al[], double ddal[], int n){

int 1i;
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ddal[0]= (al1]l+a[n-1]1-2.0%*a[0]);
dda[n-1]=(a[0]+a[n-2]-2*a[n-1]);
for(i=1; i<n-1; ++i)
ddal[i] = (ali+1] + al[i-1] - 2.0%alil);
}
void init(void){
int i;
iterations=0;
for(i=0; i < size; i++)

{
nf[i] = 1 + 0.01*sin(2*xM_PIx*i/size);
nuli] = (n[i] - nc)/nc;

ulil=(f1[i]-£f2[i])/n[i];
Qlil=n[il*ulil*ulil*uli];
}
FirstOrderDerivative(n,dn,size);
SecondOrderDerivative(n,ddn,size) ;
SecondOrderDerivative(Q,ddQ,size) ;
for (i=0;i<size;i++){
plil=pc*(nuli]+1)*(nul[i]+1)*(3*nulil*nuli]-2*nul[i] +1-2*betatau)
-kappa*ddn[i] + kappa*dn[i]*dn[i]/2.0;
chem[i]= 4xpc*(nul[i]l+1)*(nuli]l*nul[i]-nul[i]+1-betatau)/nc
- kappax*ddn[i];
pnil[i] = p[i] - n[i]/3;
uli] = u0;
fO[i] = omega * (n[il*2/3 - n[i]*uli]*ul[i])+2.0*u[i]*dpnil[i]
-2.0%xul[i]*nali];
f1[i] = omega * (n[i]/3.0+n[i]*uli] + n[il*ul[il*ul[i])/2.0
-(uli]+0.5)*dpni [i]+(u[i]+0.5) *na[i];
f2[i] = omega * (n[i]/3.0-n[i]l*uli] + n[il*ulil*ul[il)/2.0
-(uli]-0.5)*dpni[i]+(u[i]-0.5) *na[il;
+
}
void iterate(void){
int i=0;
double templ, temp2 ;
for (i=0;i<size;i++){
n[il=fo[i]+f1[i]+£f2[i];
nuli] = (n[i] - nc)/nc;
ulil=(f1[i]-£f2[i])/n[i];
Qlil=n[il*ulil*ulil*uli];
+
FirstOrderDerivative(n,dn,size);
SecondOrderDerivative(n,ddn,size) ;
SecondOrderDerivative(Q,ddQ,size) ;
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for (i=0;i<size;i++){
plil=pc*(nuli]+1)*(nul[i]+1)*(3*nuli]*nuli]-2*nul[i] +1-2*betatau)
-kappa*ddn[i] + kappa*dn[il*dn[i]/2.0;
chem[i]= 4*pcx(nulil+1)*(nulil*nuli]-nul[i]+1-betatau)/nc;
pni[il = p[il - n[il/3;
nal[i]=(1.0/omega-0.5)*ddqQ[i];
+
FirstOrderDerivative(pni,dpni,size);
for (i=0;i<size;i++){
fO[i]+=omega*(n[i]*2/3-n[il*ulil*uli]-f0[i])+2.0*u[i]*dpni[i]
-2.0*%uf[i]*nali];
f1[i] += omega * (n[il/6+n[il*ulil/2+n[il*ulil*uli]l/2 -f1[i])
—(uli]+0.5)*dpni [i]+(u[i]+0.5) *na[i];
f2[i] += omega * (n[i]l/6-n[il*ulil/2+n[il*ulil*ulil/2 -f2[i])
-(uli]-0.5)*dpni[i]+(u[i]-0.5) *na[il;
}
templ = f1[size-1];
temp2=f2[0] ;
for(i=1; i<size; i++){
fl[size-il=f1[size-i-1];
f2[i-1]=£2[1i];
+
f1[0]=templ;
f2[size-1]=temp2;
++iterations;
}
/* graphic interface by A. Wagner to dispaly evolution.
void GUI({
DefineGraphN_R("Density", n, &size, &nreq);
DefineGraphN_R("U", u, &size, &nreq);
DefineGraphN_R("pni",pni,&size,&nreq);
DefineGraphN_R("dpni",dpni,&size,&nreq) ;
DefineGraphN_R("p",p,&size,&nreq);
StartMenu("GUI",1);
DefineInt("Iterations",&iterations);
DefineDouble("betatau",&betatau) ;
DefineDouble("pc",&pc);
DefineDouble("kappa",&kappa) ;
DefineDouble("u0",&u0) ;
DefineDouble("nc",&nc);
DefineDouble("omega",&omega) ;
StartMenu("Restart",0);
DefineMod("size" ,&size, size+1);
DefineFunction("Restart",&init);
EndMenu() ;
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DefineGraph(curve2d_,"Density graph");
DefineBool("pause",&Pause) ;
DefineBool("Single step", &sstep);
DefineInt ("Repeat", &Repeat);
DefineBool("Done", &done);
EndMenu() ;
}
int main()
{
int i;
initQ;
GUIQ);
while (!done){
Events(1);
DrawGraphs () ;
if (!Pausel |sstep){
sstep=0;
for (i=0;i<Repeat;i++)iterate();
} else {
sleep(1);
}
by
return O;
}
*/
int main(){
FILE * pt;
int i;
pt = fopen("FQ.dat", "w");
init();
for(i=0; i<10000; i++){
iterate();
+
Analytical();
for(i=0; i<100; i++){
fprintf(pt, "%d %f %f Y%f Uf %f f\n", i, n_an[i], n[i],
pressure_an, pli], chem_an, chem[i]);
+
fclose(pt);
return O;

3
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APPENDIX J
CODE FOR BINARY SYSTEM SIMULATION

/* This code is to simulate a binary system with my LB approach.x*/
#include<stdio.h>
#include<stdlib.h>
#include<string.h>
#include<unistd.h>
#include<math.h>
#include<mygraph.h>
#define PRECISION 1e-10
#define xdim 100
static int 1, size = xdim, Repeat = 1, done=0, sstep=0,
Pause=1, nreq=0, iterations=0;
double nA[xdim], nB[xdim], fAO[xdim], fA1l[xdim], fA2[xdim],
M=1.0,A=1.0,F[xdim],P[xdim], chemA[xdim],chemB[xdim],
nAa[xdim] , nBa[xdim], rhoA[xdim], rhoB[xdim], fBO[xdim],
fB1[xdim], fB2[xdim], ul[xdim], n[xdim], FAO[xdim],
FA1[xdim], FA2[xdim],FBO[xdim] ,FB1[xdim], FB2[xdim],
dchemA[xdim], dchemB[xdim], phiA[xdim], phiB[xdim],
drhoA[xdim] , drhoB[xdim];
double chi = 0.94, omega = 0.9, kappa = 0.1, h = 0.5,
mA=10,mB=1,density=100,rho [xdim] ,dphiA[xdim] ,dphiB[xdim],
T=0.3333333333, Amplitude=0.1, theta=0.3333333333;
void FirstOrderDerivative(double *a, double *da, int n){
int 1i;
dal[0]=(al1]-a[n-1])/2.0;
da[n-1]=(a[0]-a[n-2])/2.0;
for(i= 1; i<n-1; ++i)
dalil=(ali+1]-ali-1])/2.0;
}
void SecondOrderDerivative( double al], double ddal[], int n){
int i;
dda[0]= (al[1]l+aln-1]1-2.0%a[0]);
dda[n-1]=(a[0]+a[n-2]-2*a[n-1]);
for(i=1; i<n-1; ++i)
ddali] = (al[i+1] + al[i-1] - 2.0x*a[il);
+
void Initial(){
Repeat=1; done=0; sstep=0; Pause=1; nreq=0; iterations=0;
for(i=0; i < xdim; i++)

{
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phiB[i] 0.759 + Amplitude * sin(2*M_PI*i/xdim);
phiA[i] = 1- phiB[i];

rhoA[i] = density*phiA[i];

rhoB[i]= phiB[i] * density;

nA[i]l=rhoA[i]/mA;

nB[i] = rhoB[i]/mB;

uli] = 0;

fAO[i] = rhoA[i]l*2.0/3.0 - rhoAl[il*ul[il*ul[i];

fA1[i] = 0.5%(rhoA[i]/3.0+rhoA[i]l*ul[i]+rhoA[i]*uli]*ul[i]);
fA2[i] = 0.5%(rhoA[i]/3.0-rhoA[i]l*ul[i]+rhoA[i]*ul[il*uli]);
fBO[i] = rhoB[i]*2.0/3.0 - rhoB[il*ulil*ul[i];

fB1[i] = 0.5%(rhoB[i]/3.0+rhoB[i]*uli]+rhoB[i]*ulil*uli]);

fB2[1i] 0.5%(rhoB[1]/3.0-rhoB[i]l*ul[i]+rhoB[i]l*uli]*uli]);

rho[i] = rhoA[i]l+rhoB[i];

chemA[i]= theta*(-mA + log(phiA[i]) + (1 - mA/mB)* phiB[i]
+ chi*mA*phiB[i]*phiB[i])/mA;

chemB[i]= theta*(-mB + log(phiB[i]) + (1 - mB/mA)* phiA[i]
+ chi*mB*phiA[i]*phiA[i])/mB;

F[i]= theta * (- rhoA[i]-rhoB[i] + rhoA[i]*log(phiA[i])/mA
+ rhoB[i]*log(phiB[i])/mB +chi*rhoA[i]*phiB[i]);

}

}
void Iterate(void){
int i=0;
double templ, temp2;
iterations++;
for(i=0; i<size; i++){
rhoA[i] = fAO[i] + fA1[i] + fA2[i];
rhoB[i] fBO[i] + fB1[i] + £B2[i];
nA[i]l=rhoA[i]/mA;
nB[i] = rhoB[i]/mB;

rho[i] = rhoA[i] + rhoB[i];
ulil = (fA1[i] + £fB1[i] - fA2[i] - £fB2[i])/rholi];
phiA[i] = rhoA[i]/rhol[il;

phiB[i] = rhoB[i]/rhol[i];
F[i]= theta*(-rhoA[i]-rhoB[i]+rhoA[i]*log(phiA[i])/mA
+ rhoB[i]*log(phiB[i])/mB +chi*rhoA[i]*phiB[i]);
+
FirstOrderDerivative (rhoA,drhoA,size);
FirstOrderDerivative(rhoB,drhoB,size);
FirstOrderDerivative(phiA,dphil,size);
FirstOrderDerivative(phiB,dphiB,size);
for(i=0; i<size; i++){
chemA[i]=theta*(-mA+log(phiA[i])+(1 - mA/mB)* phiB[i]
+ chi*mA*phiB[i]*phiB[i])/mA;
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chemB[i]=theta*(-mB+log(phiB[i])+(1 - mB/mA)* phiA[i]
+ chi*mB*phiA[i]*phiA[i])/mB;
t
FirstOrderDerivative(chemA,dchemA,size) ;
FirstOrderDerivative (chemB,dchemB,size) ;
for(i=0; i<size; i++){
nAa[i]=-(1-0.5%omega) * (rhoA[i] *dchemA[i] -theta*drhoA[i]);
nBa[i]=-(1-0.5%omega )*(rhoB[i]*dchemB[i]-theta*drhoB[i]);
P[i] = rhoA[il*chemA[i] + rhoB[il*chemB[i] - F[i];
+
/* The forcing terms */
for(i=0; i<size; i++){
FAO[i]=-2*nAa[il*ulil;
FA1[i]= (u[i]+0.5)*nAa[i];
FA2[i]= (u[i]-0.5)*nAal[i];
FBO[i]= -2*nBal[i]*uli];
FB1[il= (u[i]+0.5)*nBal[i];
FB2[i]l= (u[i]-0.5)*nBalil];
+
/*The collision */
for(i=0; i<size; i++){
fAO[i] += omega*(rhoA[i]*2.0/3.0 - rhoA[i]l*ul[i]*ulil
-fAO[i]) + FAO[i] ;
fA1[i] += omega*(0.5%(rhoA[i]/3.0 + rhoA[i]*ul[i]
+ rhoA[i]*ulil*ul[i]l)-fA1[i]) + FA1[i] ;
fA2[i] += omegax(0.5*(rhoA[i]/3.0 - rhoA[i]*ul[i]
rhoA[il*ul[il*ul[i])-fA2[i]) + FA2[i] ;

+

fBO[i] +=omegax*(rhoB[i]*2.0/3.0-rhoB[i]*ul[i]*ul[i]-fBO[i])

+

FBO[i];
fB1[i] += omega*(0.5%(rhoB[i]/3.0 + rhoB[i]*ul[i]
rhoB[i]*u[i]*u[i])-fB1[i]) + FB1[i] ;
fB2[i] += omegax*(0.5*(rhoB[i]/3.0 - rhoB[i]*ul[i]
rhoB[i]*u[il*ul[i])-fB2[i]) + FB2[i] ;
+
/* the advection */
templ = fAl[size-1];
temp2=fA2[0];
for(i=1; i<size; i++){
fAl[size-i]=fAl[size-i-1];
fA2[i-1]=fA2[i];
}
fA1[0] = tempil;
fA2([size-1] = temp2;
templ = fBl[size-1];
temp2 = fB2[0];

+

+
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for(i=1; i<size; i++){
fBl[size-i] = fBil[size-i-1];
fB2[i-1] = £B2[i];
}
fB1[0] = templ;
fB2[size-1] = temp2;
}
/* graphic interface be A. Wagner to display evolution */
void GUI()
{
DefineGraphN_R("phiA", phiA, &size, &nreq);
DefineGraphN_R("u", u, &size, &nreq);
DefineGraphN_R("phiB", phiB, &size, &nreq);
DefineGraphN_R("rho", rho, &size, &nreq);
DefineGraphN_R("chemA",chemA, &size, &nreq);
DefineGraphN_R("chemB",chemB, &size, &nreq);
DefineGraphN_R("P",P, &size, &nreq);
StartMenu("GUI",1);
DefineInt("iterations",&iterations);
DefineDouble("mA", &mA);
DefineDouble("mB", &mB);
DefineDouble("A", &A);
DefineDouble("kappa", &kappa);
DefineDouble("chi",&chi);
DefineDouble("Amplitude" ,&Amplitude) ;
DefineDouble("omega" ,&omega) ;
StartMenu("Restart",0) ;
DefineMod("size",&size, size+1);
DefineFunction("Restart", &Initial);
EndMenu() ;
DefineGraph(curve2d_,"Density graph");
DefineBool("pause",&Pause) ;
DefineBool("Single step", &sstep);
DefineInt ("Repeat", &Repeat);
DefineBool("Done", &done);
EndMenu() ;
}
int main(){
int 1i;
Initial();
GUIQ);
while (!'done){
Events(1);
DrawGraphs () ;
if (!Pausel |sstep){
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sstep=0;
for (i=0;i<Repeat;i++) Iterate();
} else {
sleep(1l);
}
+
return O;
}
*/
int main(){
int 1i;
FILE* pt;
pt = fopen("biLBm10Qun.dat", "w");
Initial();
for(i=0; i<500000; i++)
Iterate();
for(i=0; i<size; i++)
fprintf(pt, "%d %e %e %e %e %e \n",i,phiA[i],
phiB[i], chemA[i], chemB[i], P[i]);
fclose(pt);

117



APPENDIX K
CODE FOR TERNARY SYSTEM SIMULATION

#include<stdio.h>

#include<stdlib.h>

#include<string.h>

#include<unistd.h>

#include<math.h>

#include<mygraph.h>

#define PRECISION 1e-10

#define xdim 100

static int i,size=xdim,Repeat=1,done=0,sstep=0,Pause=1,
nreq=0, iterations=0;

double fAO[xdim], fA1l[xdim], fA2[xdim],fBO[xdim], fB1[xdim],
fB2[xdim], fCO[xdim], fC1[xdim], fC2[xdim],
M=1.0,A=1.0,/%A controls chemical potential in simulation.*/
chemA [xdim], chemB[xdim], chemC[xdim], nAa[xdim], nBal[xdim],
nCa[xdim] ,rhoA[xdim] ,rhoB[xdim] ,rhoC[xdim], ul[xdim], IA=0.14,
IB=0.11, /* IA and IB are the initial phiA and phiB */
FAO[xdim] ,FA1[xdim], FA2[xdim], FBO[xdim],FB1[xdim],
FB2[xdim] ,FCO[xdim], FC1[xdim],FC2[xdim] ,dchemA[xdim],
dchemB[xdim], dchemC[xdim],phiA[xdim], phiB[xdim],
phiC[xdim] ,drhoA[xdim] ,drhoB[xdim] ,drhoC[xdim] ;

double omega = 0.9,kappa=0.1,h=0.5,mA=10,mB=1,mC=1,chiAB=3,
chiAC=0.5, chiBC=0.2, density=100, rho[xdim],dphiA[xdim],
dphiB[xdim] ,dphiC[xdim] ,T=0.3333333333,
Amplitude=0.1, theta=0.3333333333;

/*find the first order derivativex/

void FirstOrderDerivative(double *a, double *da, int n){
int i;
dal[0]=(al[1]-al[n-1])/2.0;
da[n-1]=(a[0]-a[n-2])/2.0;
for(i= 1; i<n-1; ++i)
dali]=(a[i+1]-a[i-1])/2.0; }

/*find the second order derivativex/

void SecondOrderDerivative( double al], double ddal[], int n){
int 1i;
dda[0]= (al1]l+a[n-1]1-2.0%*a[0]);
dda[n-1]=(a[0]+a[n-2]-2*a[n-1]);
for(i=1; i<n-1; ++i)
ddali] = (al[i+1] + al[i-1] - 2.0*al[il); %

/*set up intial conditions*/
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void Imitial(){
Repeat=1; done=0; sstep=0; Pause=1; nreq=0; iterations=0;
for(i=0; i < xdim; i++){
phiA[i] = IA + Amplitude * sin(2*M_PI*i/xdim);
phiB[i] = IB - Amplitude * sin(2*M_PI*i/xdim) ;
phiC[i] = 1 - phiA[i] - phiB[i];
rhoA[i] = density*phiA[i];
rhoB[i] = density*phiB[i];
rhoC[i] = density*phiC[i];
ulil = 0;
fAO[i] = rhoA[i]*2.0/3.0 - rhoA[il*u[il*uli];
fA1[i]=0.5%(rhoA[i]/3.0+rhoA[i]*ul[i]+rhoA[i]l*uli]*uli]);
fA2[i]=0.5%(rhoA[i]/3.0-rhoA[i]*ul[i]+rhoA[i]l*uli]l*uli]);
fBO[i]=rhoB[i]#2.0/3.0 - rhoB[i]x*ul[il*u[i];
fB1[i]=0.5*(rhoB[i]/3.0+rhoB[i]*ul[i]l+rhoB[il*uli]*uli]);
fB2[1i]=0.5*(rhoB[i]/3.0-rhoB[i]*ul[i]+rhoB[i]*uli]*uli]);
fCO[il=rhoC[i]*2.0/3.0-rhoC[i]*ulil*uli];
fC1[i]=0.5%(rhoC[i]/3.0+rhoC[i]*ul[i]+rhoC[i]*uli]l*uli]);
fC2[1]1=0.5*%(rhoC[i]/3.0-rhoC[i] *ulil+rhoC[i]*uli]*ul[i]);
rho[i] = rhoA[il+rhoB[i]+rhoC[i];
chemA[i]= Axtheta*(log(phiA[i])-phiA[i] - phiB[i]* mA/mB
-phiC[i]*mA/mC+mA* (phiB[i]+phiC[i])* (chiAB*phiB[i]
+ chiAC*phiC[i])- mA*chiBCxphiB[i]*phiC[i])/mA;
chemB[i]= A*thetax(log(phiB[i]) - phiB[i] - phiC[il* mB/mC
-phiA[i]*mB/mA+mBx (phiC[i]+phiA[i])* (chiBC*phiC[i]
+ chiAB*phiA[i])-mB*chiAC*phiC[i]*phiA[i])/mB;
chemC[i]= Axtheta*(log(phiC[i])-phiC[i]-phiA[i]* mC/mA
~phiB[1i]*mC/mB+mC* (phiA [i]+phiB[i])*(chiACphiA [i]
+ chiBC#phiB[i] - mC*chiABxphiA[i]*phiB[i])/mC;}
}
/*interates in LB algorithmx/
void Iterate(void){
int i=0;
double templ, temp2;
iterations++;
for(i=0; i<size; i++){
rhoA[i] = fAO[i] + fA1[i] + fA2[il;
rhoB[i] = f£BO[i] + fB1[i] + fB2[il;

rhoC[i] = £CO[i] + fC1[i] + £C2[i];

rho[i] = rhoA[i] + rhoB[i] + rhoC[i];
ulil=(fA1[1]+£fB1[i]+£fC1[1]-fA2([i]-fB2[i]-fC2[i])/rho[i];
phiA[i] = rhoA[i]/rho[i];

phiB[i] = rhoB[i]/rhol[i];

phiC[i] = rhoC[i]/rhol[i];
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FirstOrderDerivative (rhoA,drhoA,size);
FirstOrderDerivative (rhoB,drhoB,size);
FirstOrderDerivative (rhoC,drhoC,size);
FirstOrderDerivative(phiA,dphil,size);
FirstOrderDerivative(phiB,dphiB,size);
FirstOrderDerivative(phiC,dphiC,size);
for(i=0; i<size; i++){
chemA[i]= Axtheta*(log(phiA[i]) - phiA[i] - phiB[i]l* mA/mB
- phiC[i]l*mA/mC + mAx(phiB[i]+phiC[i])*(chiAB*phiB[i]
+ chiAC*phiC[i]) - mA*chiBC*phiB[i]*phiC[i])/mA;
chemB[i]= Axtheta*(log(phiB[i])-phiB[i]-phiC[i]* mB/mC

-phiA[i] *mB/mA+mB* (phiC[i]+phiA[i])*(chiBC*phiC[il

+ chiAB#phiA[i])-mB*chiAC*phiC[i]*phiA[i])/mB;
chemC[il= A*theta*(log(phiC[i])-phiC[i]-phiA[i]* mC/mA

~ phiB[i]*mC/mB+mC* (phiA[i]+phiB[i])* (chiAC*phiA [i]

+ chiBC*phiB[i])- mC*chiAB*phiA[i]*phiB[i])/mC;}
FirstOrderDerivative(chemA,dchemA,size);
FirstOrderDerivative (chemB,dchemB,size) ;
FirstOrderDerivative (chemC,dchemC,size) ;

for(i=0; i<size; i++){
nAa[i]=-(1-0.5%omega) * (rhoA[i] *dchemA[i] -theta*drhoA[i]) ;
nBa[i]=-(1-0.5%omega) * (rhoB[i] *dchemB[i] -theta*drhoB[i]);
nCal[i]=-(1-0.5%omega) * (rhoC[i] *dchemC[i] -theta*drhoC[i]);

}

/* The forcing terms */
for(i=0; i<size; i++){
FAO[i]=-2*nAa[i]*uli];
FA1[il= (ul[i]+0.5)*nAalil;
FA2[i]= (u[i]-0.5)*nAal[i];
FBO[i]l= —-2*nBal[i]*uli];
FB1[il= (u[i]+0.5)*nBal[il;
FB2[i]= (u[i]-0.5)*nBali];
FCO[i]=-2*nCali] *ul[i];
FC1[i]= (u[i]+0.5)*nCali];
FC2[i]l= (u[i]-0.5)*nCali];
+
/*The collision */ for(i=0; i<size; i++){
fAO[i] += omega*(rhoA[i]*2.0/3.0 - rhoA[il*uli]*ul[i]-fAO[i])
+ FAO[i] ;
fA1[i] += omega*(0.5%(rhoA[i]/3.0 + rhoA[i]*ul[i]
+ rhoA[il*ulil*ul[i]l)-fA1[i]) + FA1[i] ;
fA2[i] += omegax(0.5*(rhoA[i]/3.0 - rhoA[i]*ul[i]
+ rhoA[il*ulil*ul[i])-fA2[i]) + FA2[i] ;
fBO[i] += omega*(rhoB[i]*2.0/3.0 - rhoB[i]*ul[i]*ul[i]-fBO[i])
+ FBO[i];
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fB1[i] += omega*(0.5%(rhoB[i]/3.0 + rhoB[i]*uli]
+ rhoB[il*ul[il*u[i])-fB1[i]) + FB1[i] ;
fB2[i] += omega*(0.5%(rhoB[i]/3.0 - rhoB[i]*ul[i]
+ rhoB[il*ul[il*u[i])-£fB2[i]) + FB2[i] ;
fCO[i] += omega*(rhoC[i]*2.0/3.0 - rhoC[il*uli]*ul[i]-£fCO[i])
+ FCO[i] ;
fC1[i] += omega*(0.5%(rhoC[i]/3.0 + rhoC[i]*uli]
+ rhoCli]*u[il*uli])-fC1[i]) + FC1[i] ;
fC2[i] += omega*(0.5%(rhoC[i]/3.0 - rhoC[i]*uli]
+ rhoC[il*ulil*u[il)-fC2[i]) + FC2[i] ;
}
/* the advection */
templ = fAl[size-1];
temp2=fA2[0];
for(i=1; i<size; i++){
fAl[size-i]l=fAl[size-i-1];
fA2[i-1]=fA2[i];
}
fA1[0] = templ;
fA2([size-1] = temp2;
templ = fBl[size-1];
temp2 = fB2[0];
for(i=1; i<size; i++){
fBl[size-i] = fBl[size-i-1];
fB2[i-1] = fB2[i];
}
fB1[0] = templ;
fB2[size-1] = temp2;
templ = fCl[size-1];
temp2=fC2[0];
for(i=1; i<size; i++){
fCl[size-i]=fCl[size-i-1];
fC2[i-1]1=£fC2[i];
}
fC1[0] = tempil;
fC2[size-1] = temp2;
}
/*graphic interface by A.Wagner to display evolution
void GUI()
{
DefineGraphN_R("phiA", phiA, &size, &nreq);
DefineGraphN_R("u", u, &size, &nreq);
DefineGraphN_R("phiB", phiB, &size, &nreq);
DefineGraphN_R("phiC", phiC, &size, &nreq);
DefineGraphN_R("rho", rho, &size, &nreq);
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DefineGraphN_R("chemA",chemA, &size, &nreq);
DefineGraphN_R("chemB",chemB, &size, &nreq);
StartMenu("GUI",1);
DefineInt("iterations",&iterations);
DefineDouble("mA", &mA);
DefineDouble("mB", &mB);
DefineDouble("A", &A);
DefineDouble("IA", &IA);
DefineDouble("IB", &IB);
DefineDouble("kappa", &kappa);
DefineDouble("Amplitude",&Amplitude) ;
DefineDouble("omega" ,&omega) ;
StartMenu("Restart",0);
DefineMod("size" ,&size, size+1);
DefineFunction("Restart", &Initial);
EndMenu() ;
DefineGraph(curve2d_,"Density graph");
DefineBool("pause",&Pause) ;
DefineBool("Single step", &sstep);
DefineInt ("Repeat", &Repeat);
DefineBool("Done", &done);
EndMenu() ;
+ */
int main(){
int i;
Initial();
GUIQ);
while (!done){
Events(1);
DrawGraphs Q) ;
if (!Pausel |sstep){
sstep=0;
for (i=0;i<Repeat;i++) Iterate();
} else {
sleep(1);
}
}

return O;
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